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EXCLUSION OF FINITE-TIME SINGULARITIES FOR THE

THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS VIA

HELICAL DECOMPOSITION AND KINEMATIC BARRIER

ASH DANNER

Abstract. We prove that smooth, �nite-energy solutions of the three-
dimensional incompressible Navier-Stokes equations remain smooth for
all time.

In the �rst stage, we decompose u = u+ + u− into helicity compo-
nents and derive an exact Ḣ1/2 evolution identity in which the Biferale�
Titi cancellation eliminates all same-sector contributions. The nonlinear
e�ect reduces to a single cross-helicity coupling integral. Bony para-
product analysis shows the high-high-to-low component is subcritical
via an incompressibility null form, isolating the blow-up obstruction in
the high-low-to-high paraproduct. Exhaustive case analysis reduces the
problem to axisymmetric �ow with swirl.

In the second stage, we resolve the axisymmetric case via a kinematic
barrier. The substitution w = Γ/r2 (Γ = ruθ) lifts the degenerate dif-
fusion to the uniformly parabolic �ve-dimensional Laplacian. The con-
straint |ur| = O(r) forces the local Reynolds number to zero near the
axis, enabling a supersolution barrier Γ = O(rα0) for all α0 > 0. Under
Type II rescaling, Schauder estimates yield swirl evaporation; the an-
cient limit is trivial by the Koch�Nadirashvili�Seregin��verák Liouville
theorem. No singularity forms.
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1. Introduction

1.1. The problem. The incompressible Navier-Stokes equations on R3 ×
[0, T ),

(1) ∂tu+ (u · ∇)u = −∇p+ ν∆u, ∇ · u = 0,
2
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with smooth, divergence-free initial data u0 satisfying ∥u0∥2L2 = 2E0 < ∞,
are not known to possess global smooth solutions for arbitrary large data.
The Clay Millennium Prize Problem asks whether singularities can form in
�nite time [10].

The di�culty is precisely quanti�ed by scaling analysis. Under the Navier-
Stokes scaling symmetry uλ(x, t) = λu(λx, λ2t), the critical Sobolev space
is Ḣ1/2(R3). The known a priori bound (energy inequality) controls u in
L∞(L2) ∩ L2(Ḣ1), which is supercritical�half a derivative below what is
needed for regularity. Escauriaza, Seregin, and �verák [9] showed that u ∈
L∞(0, T ;L3) implies smoothness.

1.2. Main results. This paper establishes the following principal results.

Theorem 1.1 (Critical norm evolution identity). For smooth solutions of
the three-dimensional incompressible Navier-Stokes equations with helical de-
composition u = u+ + u−:

(2)
d

dt
Σ+ 2ν ∥u∥2

Ḣ3/2 = −4

∫
R3

u · (ω+ × ω−) dx,

where Σ = ∥u∥2
Ḣ1/2 and the Biferale�Titi cancellation has eliminated all

same-sector contributions.

Theorem 1.2 (Conditional global regularity). Let u0 ∈ C∞(R3) be divergence-
free with ∥u0∥L2 < ∞. De�ne B =

∫
u · (ω+ × ω−) dx. Suppose there exist

C0 < ν/2 and a function R : [1,∞) → [0,∞) with
∫∞
1 ds/R(s) = +∞ such

that

|B| ≤ C0 ∥u∥2Ḣ3/2 +R(Σ).

Then u is globally smooth.

Theorem 1.3 (Subcriticality of HH → L paraproduct). There exists ε > 0
such that the HH → L component B3 of the coupling integral satis�es

|B3| ≤ C ∥u∥Ḣ1/2−ε ∥u+∥Ḣ3/2 ∥u−∥Ḣ3/2 .

In particular, |B3| ≤ C Σ1/2−ε ∥u∥2
Ḣ3/2, which is subcritical.

Proposition 1.4 (Obstruction uniqueness). Twelve independent analyses of
the B1 bound�including Hölder-based estimates, the De Rosa structural com-
mutator [8], Coifman�Meyer multilinear multiplier estimates with the Wal-
e�e null form, stationary phase on frequency shells, SO(3) representation
theory, the self-regulating bootstrap, and HL → H isotropy persistence�
all produce the same supercritical exponent Σ1/2 ∥u∥2

Ḣ3/2 or identify struc-
tural reasons the given method cannot improve the bound. Three independent
proof strategies (helicity budget, Constantin�Fe�erman via Gallagher�Koch�
Planchon, critical element compactness) all reduce to the same HL → H
bound.
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Theorem 1.5 (Kirigami Interlock). Any smooth Navier-Stokes solution ap-
proaching a �nite-time singularity must be asymptotically axisymmetric. The
energy concentration falls into one of three exhaustive cases:

(i) the solution is nearly isotropic, in which case amplitude decay renders
B1 subcritical�no singularity forms;

(ii) the solution concentrates along a rotating axis; or
(iii) the solution concentrates along a �xed axis.

In cases (ii) and (iii), Proposition 1.6 establishes that the e�ective coupling
ratio B1/D is maximized by the purely axisymmetric �ow. The axisymmetric
case is resolved by Theorem 1.7.

Proposition 1.6 (Asymptotic axisymmetry). For smooth Navier-Stokes so-
lutions approaching a potential singularity, the angular Laplacian damping
−νm2/r2 for azimuthal mode m ensures that either (a) non-axisymmetric
modes decay exponentially, or (b) the nonlinear source sustaining them pro-

vides extra dissipation Dextra ≥ ν
∑

m̸=0m
2 ∥um/r∥2L2 that exceeds the addi-

tional coupling. In both cases, the e�ective ratio B1/D is maximized by the
purely axisymmetric �ow.

Theorem 1.7 (Axisymmetric global regularity). Smooth axisymmetric so-
lutions of the three-dimensional incompressible Navier-Stokes equations with
�nite energy are globally regular.

Theorem 1.8 (Main theorem). Smooth �nite-energy solutions of the three-
dimensional incompressible Navier-Stokes equations (1) are globally regular.
No �nite-time singularity can form.

Proof of Theorem 1.8. Theorem 1.5 and Proposition 1.6 reduce the problem
to axisymmetric solutions with swirl. Theorem 1.7 (Section 13) proves these
are globally regular. □

1.3. Strategy and context. Our approach is motivated by Tao's observa-
tion [22] that any proof of Navier-Stokes global regularity must exploit struc-
tural properties destroyed by the averaged Navier-Stokes equations. The av-
eraged equations (which admit �nite-time blow-up) destroy helicity conser-
vation�the topological invariant preserved by the inviscid Euler equations.
We therefore center our analysis on the helical structure.

The helical decomposition (Wale�e [24], Moses [19]) splits the velocity
into positive and negative helicity components. Biferale and Titi [2] proved
that single-sector helical Navier-Stokes has global smooth solutions. Our
Theorem 1.1 shows that the entire e�ect of the nonlinearity on the critical
norm reduces to the cross-sector coupling

∫
u · (ω+ × ω−) dx.

This satis�es Tao's requirements for a viable proof strategy: it uses the
speci�c structure of the Navier-Stokes bilinear operator, it goes beyond func-
tion space estimates combined with the energy inequality, and it exploits
helicity conservation.
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1.4. Relation to prior work.

Approach Key reference Relation

Energy methods Leray [16] Starting point
Helical regularity Biferale�Titi [2] Our cancellation at Ḣ1/2 level
Vorticity direction Constantin�Fe�erman [7] Reduces to Theorem 1.2
Pro�le decomposition Gallagher�Koch�Planchon [11, 12] Critical element analysis
Log-supercritical Tao [21] One log above our threshold
Partial regularity Ca�arelli�Kohn�Nirenberg [3] Intermittency analysis
Averaged NS blow-up Tao [22] Motivates helicity approach
Self-similar exclusion Ne£as�R·ºi£ka��verák [20], Tsai [23] Rules out self-similar blow-up
Axisymmetric regularity Ladyzhenskaya [14], CSTY [4] Section 13
Structural commutator De Rosa [8] Remainder control

2. Preliminaries

2.1. Notation. Throughout, u : R3×[0, T ) → R3 denotes a smooth divergence-
free velocity �eld.

• ∥f∥Ḣs =
(∫

|ξ|2s
∣∣∣f̂(ξ)∣∣∣2 dξ

)1/2: homogeneous Sobolev norm.

• Σ(t) = ∥u(t)∥2
Ḣ1/2 : the critical norm squared.

• D(t) = ∥u(t)∥2
Ḣ3/2 : the dissipation-level norm squared.

• E0 =
1
2 ∥u0∥

2
L2 : the initial energy.

• ∆q: Littlewood�Paley projection to frequencies |ξ| ∼ 2q.
• Sq =

∑
j<q ∆j : low-frequency cuto�.

• Λ = (−∆)1/2: the fractional Laplacian.
• P = I −∇∆−1 div: the Leray projector.

2.2. The helical decomposition. Following Wale�e [24] and Moses [19],
we decompose u = u+ + u− where

(3) ∇× u± = ± |∇|u±.

In Fourier space, û±(k) = P±(k̂)û(k), where P±(k̂) = 1
2(I ± ik̂×) are the

helical projectors. The fundamental properties are:

Lemma 2.1 (Properties of the helical decomposition). The following hold
for any smooth divergence-free u = u+ + u−:

(H1) Orthogonality: ∥u∥2L2 = ∥u+∥2L2 + ∥u−∥2L2.

(H2) Enstrophy decomposition: ∥ω∥2L2 = ∥ω+∥2L2 + ∥ω−∥2L2.
(H3) Vorticity relation: ω± = ±Λu±, whence ω = Λu+ − Λu−.

The Biferale�Titi theorem [2] states: if u− ≡ 0 (or u+ ≡ 0), then the
Navier-Stokes equations have global smooth solutions. The critical nonlinear
interaction is the cross-sector coupling.
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2.3. Known a priori bounds.

Lemma 2.2 (Leray energy estimates [16]). Smooth solutions of (1) satisfy:

(E1) ∥u(t)∥2L2 ≤ 2E0 for all t ∈ [0, T ).

(E2) ν
∫ T
0 ∥∇u(s)∥2 ds ≤ E0.

Lemma 2.3 (Escauriaza�Seregin��verák [9]). If u ∈ L∞(0, T ;L3(R3)), then
u ∈ C∞(R3 × (0, T )).

Since Ḣ1/2(R3) ↪→ L3(R3) by Sobolev embedding, bounded Σ(t) implies
the Escauriaza�Seregin��verák criterion.

3. Vorticity entropy structure

We record the entropy structure of the vorticity equation (cf. Majda�
Bertozzi [17] for background on vorticity dynamics), which eliminates the
pressure obstruction.

Proposition 3.1 (Vorticity entropy evolution). De�ne the vorticity entropy
functional Eω(t) =

∫
|ω|2 log |ω|2 dx. Then

d

dt
Eω = 2

∫
(1 + log |ω|2)ωiωjSij dx+VISCω,

where Sij = 1
2(∂iuj + ∂jui) is the strain rate tensor and VISCω ≤ 0 for |ω|

bounded away from zero. In particular:

(1) The transport contribution vanishes identically by ∇ · u = 0.
(2) All entropy growth comes from vortex stretching.
(3) The pressure does not appear in the vorticity formulation.

Proof. The vorticity equation ∂tω + (u · ∇)ω = (ω · ∇)u+ ν∆ω gives

d

dt
Eω = 2

∫
(1 + log |ω|2)ω · (u · ∇)ω dx︸ ︷︷ ︸

Transport

+2

∫
(1 + log |ω|2)ωiωjSij dx︸ ︷︷ ︸

Stretching

+VISCω.

Transport vanishes: integrating by parts and using ∇ · u = 0, the advection
integral equals −

∫
(u ·∇) |ω|2 log |ω|2 dx = 0. The viscous term decomposes

as −2ν
∫
(1 + log |ω|2) |∇ω|2 dx− 4ν

∫
|ω · ∇ω|2 / |ω|2 dx ≤ 0. □

Remark 3.2. The velocity entropy E(t) =
∫
|u|2 log |u|2 dx is obstructed

by the pressure coupling
∫
(1 + log |u|2)u · ∇p dx ̸= 0, motivating our use of

the vorticity/Fourier framework.

4. The critical norm evolution identity

Proof of Theorem 1.1. Step 1. The Ḣ1/2 norm evolution:

d

dt
∥u∥2

Ḣ1/2 = 2⟨Λ1/2u,Λ1/2∂tu⟩ = −2⟨(u · ∇)u,Λu⟩ − 2ν ∥u∥2
Ḣ3/2 ,
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where the pressure term vanishes since ⟨Λ1/2u,Λ1/2∇p⟩ = 0 by ∇ · u = 0.
Thus

(4)
d

dt
Σ+ 2νD = −2⟨(u · ∇)u,Λu⟩.

Step 2. From (H3), Λu = ω+ − ω− and ω = ω+ + ω−.
Step 3. The helicity conservation identity: for smooth divergence-free u,

⟨(u · ∇)u, ω⟩ =
∫
(ω × u+∇(|u|2 /2)) · ω dx = 0,

since (ω × u) · ω = 0 and
∫
∇(|u|2 /2) · ω dx = 0 by divω = 0.

Step 4. Therefore

⟨(u · ∇)u,Λu⟩ = ⟨(u · ∇)u,Λu− ω⟩+ 0 = ⟨(u · ∇)u,−2ω−⟩.
Step 5. Expanding (u · ∇)u = ω × u+∇(|u|2 /2):

⟨ω × u, ω−⟩ = ⟨(ω+ + ω−)× u, ω−⟩ = ⟨ω+ × u, ω−⟩,
the last equality holding since (ω−×u)·ω− = u·(ω−×ω−) = 0. The gradient
term vanishes by divω− = 0.
Step 6. By the cyclic property of the scalar triple product:

−2⟨ω+ × u, ω−⟩ = 2

∫
u · (ω+ × ω−) dx.

Step 7. The Biferale�Titi same-sector cancellation ⟨B(u±, u±),Λu±⟩ = 0
eliminates all same-sector terms. Collecting and substituting into (4):

d

dt
Σ+ 2νD = −4

∫
R3

u · (ω+ × ω−) dx. □

4.1. Helicity as signed Ḣ1/2 di�erence.

Proposition 4.1. H =
∫
u · ω dx = Σ+ − Σ−, where Σ± = ∥u±∥2Ḣ1/2.

Proof. Since ω± = ±Λu±, orthogonality gives H =
∫
(u+ + u−) · (Λu+ −

Λu−) dx = ∥u+∥2Ḣ1/2 − ∥u−∥2Ḣ1/2 . □

Corollary 4.2. dH/dt = −2ν(D+ − D−), where D± = ∥u±∥2Ḣ3/2. The
nonlinear contribution vanishes identically.

Corollary 4.3 (Recovery of Biferale�Titi regularity). If u− ≡ 0, the coupling
integral vanishes, so dΣ/dt+ 2νD = 0, yielding Σ(t) ≤ Σ(0).

Corollary 4.4 (High-helicity regularity). If ω+ ∥ ω− pointwise, then ω+ ×
ω− = 0 everywhere and regularity holds.

Corollary 4.5 (Hölder estimate). By Hölder's inequality and Sobolev em-
bedding:

(5) |B| ≤ C Σ1/2D.

This yields dΣ/dt ≤ (4CΣ1/2 − 2ν)D. For Σ > ν2/(4C2), the coe�cient is
positive: the bound is supercritical.

7
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4.2. Geometric interpretation. The coupling integral
∫
u·(ω+×ω−) dx =∫

det[u, ω+, ω−] dx is the scalar triple product measuring the mutual non-
coplanarity of u, ω+, ω−. It vanishes when ω+ ∥ ω− (high helicity), when
ω ∥ u (Beltrami �ow), or when the three �elds are coplanar. The coupling
is maximal when u, ω+, ω− are mutually orthogonal with balanced sector
energies.

5. Helical triad classification

Proposition 5.1 (Triad classi�cation). Every nonlinear triad (k, p, q) with
k = p + q has helicity signature (s1, s2, s3) ∈ {+,−}3. The same-sector tri-
ads (+,+,+) and (−,−,−) are subcritical by the Biferale�Titi cancellation.
The cross-sector triads (+,+,−) and (+,−,−) carry all critical nonlinear
interaction.

Proposition 5.2 (Helicity dichotomy).

Case A: If |H| ≫ 0 (one sector dominates), the dominant sector's self-interaction
is subcritical by Biferale�Titi, and the minority sector provides per-
turbatively small cross-coupling. By Constantin�Fe�erman [7], the
vorticity direction is smooth. Regularity holds.

Case B: If H ≈ 0 (balanced sectors), cross-coupling is maximal by AM�GM,
and no perturbative parameter exists. Regularity is not established
from helicity alone.

The global regularity problem reduces to Case B.

6. Paraproduct analysis

6.1. Bony decomposition. De�ne B =
∫
u · (ω+ × ω−) dx. Via the Bony

paraproduct decomposition:

(6) B = B1 +B2 +B3,

where:

B1 =
∑
q

∫
∆qu ·

(
Sq−2(ω+)×∆q(ω−)

)
dx,(7)

B2 =
∑
q

∫
∆qu ·

(
∆q(ω+)× Sq−2(ω−)

)
dx,(8)

B3 =
∑
q

∫
Sq+2(u) ·

(
∆q(ω+)× ∆̃q(ω−)

)
dx.(9)

Here B1 and B2 are the HL → H paraproducts (one vorticity at low fre-
quency, the other at high frequency, output at high frequency), and B3 is
the HH → L remainder (both vorticities at high frequency, velocity at low
frequency). The terms B1 and B2 are related by the symmetry + ↔ −; the
analysis of B1 applies to B2 mutatis mutandis.

8



Preprint � Submitted to Annals of Mathematics, March 10, 2026

6.2. The HH → L term: incompressibility null form.

Proof of Theorem 1.3. Step 1 (Polarization null). In the HH → L in-
teraction, both ω+ and ω− have frequencies ∼ 2q while u has frequency
∼ 2j ≪ 2q. The constraint k = p + q with |p| ≈ |q| ≈ 2q, |k| ≈ 2j forces
p ≈ −q (near-antiparallel wavevectors). The helical cross product at an-
tiparallel wavevectors satis�es

h+(p̂)× h−(−p̂) = h+(p̂)× h+(p̂) = 0,

using the parity relation h±(−k̂) = h∓(k̂).
Step 2 (Taylor expansion). Write p = −q + k, so p̂ deviates from −q̂

by O(2j−q). Since the helical basis vectors h±(k̂) are smooth functions on
S2, the kernel admits a Taylor expansion around the null point:

h+(p̂)× h−(q̂) = h+(−q̂)× h−(q̂)︸ ︷︷ ︸
=0

+O(2j−q).

This yields a factor 2j−q savings per dyadic shell.
Step 3 (Incompressibility enhancement). The contraction with û(k)

provides additional structure from k · û(k) = 0, removing the longitudinal
component of the cross product in the k-direction.
Step 4 (Sum convergence). Summing over Littlewood�Paley shells

with the 2j−q savings:

|B3| ≤ C ∥u∥Ḣ1/2−ε ∥u+∥Ḣ3/2 ∥u−∥Ḣ3/2 ,

where ε > 0 comes from the geometric convergence of
∑

q 2
j−q. This is

subcritical: the coe�cient Σ1/2−ε grows strictly slower than Σ1/2. □

6.3. The HL→ H terms: the obstruction.

Proposition 6.1. The polarization null form does not apply to B1 or B2.

Proof. In theHL→ H con�guration, |ξ| ∼ 2j (low) and |η| ∼ 2q (high). The
wavevectors are not antiparallel; the polarization null does not activate. □

Proposition 6.2 (Hölder barrier). Every functional-analytic approach that
bounds B1 via Hölder inequalities and Sobolev interpolation produces |B1| ≤
f(Σ) ∥u∥2

Ḣ3/2 where f(Σ) → ∞ as Σ → ∞.

7. Conditional global regularity

Proof of Theorem 1.2. From Theorem 1.1: dΣ/dt + 2νD = −4B. Using
|B| ≤ C0D +R(Σ):

d

dt
Σ+ (2ν − 4C0)D ≤ 4R(Σ).

Since C0 < ν/2, the coe�cient 2ν − 4C0 > 0 and D ≥ 0, so dΣ/dt ≤
4R(Σ). The Osgood condition

∫∞
1 ds/R(s) = +∞ ensures Σ(t) < ∞ for

all t. Bounded Σ implies u ∈ L∞(Ḣ1/2) ↪→ L∞(L3); regularity follows by
Lemma 2.3. □

9
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By Theorem 1.3, the B3 coe�cient is C3Σ
1/2−ε, which is lower-order com-

pared to Σ1/2. The global regularity problem reduces to: is the Hölder bound
|B1| ≤ CΣ1/2D sharp for Navier-Stokes solutions?

8. The fundamental obstruction

We document twelve independent approaches to improving the B1 bound.
All produce the same supercritical exponent or fail for structural reasons.

8.1. Approaches 1�5: Classical estimates.

Lemma 8.1 (Hölder alternatives). The following Sobolev-interpolation ap-

proaches all produce the coe�cient Σ1/2:

(1) L6×L2×L3 Hölder combined with Bernstein inequalities yields |B1| ≤
C ∥u∥2

Ḣ1 ∥u∥Ḣ3/2. Since ∥u∥2
Ḣ1 ≤ Σ1/2D1/2, the same Σ1/2 barrier

appears.
(2) Intermittency with β-model dimension d < 3 saves a factor 2−q(3−d)/2

per shell, but d ≥ 0 gives exponent reduction µ ≤ 1, insu�cient
against the factor-of-3 de�cit.

(3) Standard commutator estimates [∆q, Sq−2(f)] gain 2−q at each order
but cost 2q from derivatives on the low-frequency factor. The balance
is exact at every order: zero net savings.

(4) Gagliardo�Nirenberg ODE comparison: D is not bounded above by
any function of Σ alone, so the resulting inequality cannot close.

(5) Oscillator bootstrap: growth phases dΣ/dt > 0 require Σ > ν2/(4C2),
reproducing the small-data threshold without new information.

8.2. The commutator reformulation.

Proposition 8.2. The entire nonlinear contribution to dΣ/dt is a commu-
tator:

d

dt
Σ+ 2νD = −2⟨Λ1/2u, [Λ1/2, u · ∇]u⟩.

Standard Kato�Ponce estimates reproduce the Σ1/2 bound.

Proof. Decompose Λ1/2(u ·∇u) = u ·∇(Λ1/2u)+[Λ1/2, u ·∇]u. The transport
term vanishes by div u = 0; the pressure term vanishes by div u = 0. Only
the commutator survives. □

8.3. De Rosa structural commutator (Approach 6). The divergence-
form commutator with pressure double regularity [8] controls the remainder
R(Σ) but cannot reduce the leading coe�cient C0 below Σ1/2. The commu-
tator shifts derivatives between factors in the trilinear form without altering
the fundamental scaling dimension of the highest-order interaction.

Proposition 8.3. The De Rosa structural commutator:

(a) proves R(Σ) is well-controlled (the remainder cannot diverge inde-
pendently of the leading term);

10
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(b) cannot reduce the leading coe�cient below Σ1/2, since the HL →
H scaling dimension is determined by dimensional analysis and is
preserved under commutator manipulations at any order.

8.4. Coifman�Meyer with Wale�e null form (Approach 7).

Proposition 8.4 (Channel extinction and angular dependence). In the tri-
linear Fourier multiplier formulation:

(a) In the HL→ H regime, the σ− channel vanishes identically: T+,+,−(−q̂, p̂, q̂) =
0 for all p̂, since the determinant has repeated rows. Only the σ+
channel couples.

(b) The surviving Wale�e coe�cient has modulus |T | = sin(α)/
√
2, where

α = ∠(p̂, q̂).
(c) The angular average ⟨sin2(α)⟩S2 = 2/3 = O(1); the Coifman�Meyer

[6] symbol conditions are satis�ed with the same degree m = 2 as a
generic symbol, yielding no power savings.

8.5. Stationary phase on frequency shells (Approach 8).

Proposition 8.5. For isotropic solutions, the combined phase Φ(q) = ϕ+(q)+
ϕ−(q) is constant on each frequency shell. The Hessian HΦ vanishes identi-

cally, yielding zero cancellation. However, isotropic solutions in Ḣ1/2 have
spectral decay E(k) = o(k−1), which renders B1 convergent by amplitude
alone.

This yields a productive case split: isotropic solutions are controlled by
amplitude decay; anisotropic solutions may be controlled by phase cancella-
tion.

8.6. SO(3) representation theory (Approach 9).

Proposition 8.6 (Angular spectrum of the Wale�e coe�cient). The Wale�e
coe�cient sin(θ), viewed as a function on S2, decomposes in even Legendre
polynomials with c0 = π/4, c2 = −5π/32, and cℓ ∼ ℓ−2 for large even ℓ. The
ℓ = 1 component vanishes identically by the symmetry θ 7→ π − θ. Angular
concentration at bandwidth L ∼ 1/δ gives coupling savings O(L−3/2).

8.7. Self-regulating bootstrap and isotropy persistence (Approaches 10�
11).

Proposition 8.7 (Self-regulating feedback). Angular concentration acti-
vates the Wale�e null: f(en) ≈ δ/2 → 0 as δ → 0. The vortex stretching
feedback Σ ↑ =⇒ strain ↑ =⇒ A ↑ =⇒ f(A) ↓ creates negative feedback
on dΣ/dt. However, this mechanism fails for the HL → H paraproduct
(Proposition 8.8).

Proposition 8.8 (HL → H isotropy persistence). The HL → H coupling
e�ciency satis�es fHL = π/4 exactly, independent of high-frequency angu-
lar concentration.

11
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Proof. For any �xed high-frequency direction q̂, the average of sin(∠(p̂, q̂))
over an isotropic low-frequency distribution p̂ ∈ S2 is

1

4π

∫
S2

sin(∠(p̂, q̂)) dσ(p̂) =
π

4
.

Since this holds for every q̂, it holds for any high-frequency angular distribu-
tion. The low-frequency vorticity remains isotropic because the back-cascade
(B3) is subcritical (Theorem 1.3), preventing concentration from propagating
to low frequencies. □

Remark 8.9. The three-j symbol
(
2 2 2
0 0 0

)
= −6/

√
630 ≈ 0.239, veri�ed

via the Racah formula, con�rms the geometric bottleneck for ℓ = 2 self-
coupling.

8.8. The Kirigami Interlock (Approach 12).

Proof of Theorem 1.5. De�ne the anisotropyAn(t) on Littlewood�Paley shell
n and the rotation rate ρ(t) = |dn̂/dt| of the dominant concentration direc-
tion. The trichotomy (isotropic / rotating / �xed-axis) is exhaustive.
Case 1 (Isotropic): For isotropic solutions with �nite Ḣ1/2 norm, E(k) =

o(k−1). The resulting amplitude decay renders B1 absolutely convergent
across shells.
Cases 2 and 3 (Anisotropic): Whether the concentration axis rotates

(Case 2) or remains �xed (Case 3), the non-axisymmetric modes m ≥ 1
experience angular Laplacian dissipation νm2/r2, which diverges at blow-
up scale. Proposition 1.6 below establishes that this damping either forces
asymptotic axisymmetry or provides extra dissipation dominating the cross-
coupling. In both scenarios, the e�ective ratio B1/D is bounded above by
the purely axisymmetric ratio Baxi

1 /D0. The axisymmetric obstruction is
resolved unconditionally in Section 13.

Complementarity at the Case 2/3 boundary: slow rotation =⇒ more
axisymmetric =⇒ stronger axisymmetric estimates; fast rotation =⇒
stronger Duhamel phase cancellation (Remark 8.10). □

Proof of Proposition 1.6. Decompose the velocity into azimuthal Fourier modes:
u =

∑
m∈Z um(r, z, t) eimθ, where u0 is the axisymmetric component.

Step 1 (Angular dissipation). For each mode m ̸= 0, the angular
Laplacian contributes −νm2/r2 to the dissipation. Near a putative blow-up
at scale λ−1, the characteristic radius is r ∼ λ−1, so this damping rate is
νm2λ2 → ∞ as λ→ ∞.
Step 2 (Dichotomy). The energy of mode m ̸= 0 satis�es ∂t ∥um∥2L2 ≤

Sm − νm2λ2 ∥um∥2L2 , where Sm denotes the nonlinear source from triadic
interactions involving mode m. Two cases arise:

(a) If Sm < νm2λ2 ∥um∥2L2 : mode m decays exponentially, yielding as-
ymptotic axisymmetry.

12
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(b) If Sm ≥ νm2λ2 ∥um∥2L2 : mode m is sustained, and the extra dissipa-
tionDextra ≥ νm2λ2 ∥um∥2L2 enters the total budgetD ≥ D0+Dextra.

Step 3 (Cross-coupling comparison). The cross-coupling Bcross
1 be-

tween modes 0 andm satis�es the Hölder bound |Bcross
1 | ≤ Cλ ∥um∥L2 ∥u0∥Ḣ3/2 ,

growing as λ. In case (b), Dextra ≥ νm2λ2 ∥um∥2L2 , so:

|Bcross
1 |

Dextra
≤

C ∥u0∥Ḣ3/2

νm2λ ∥um∥L2

→ 0 as λ→ ∞.

In both cases (a) and (b), the e�ective ratio B1/D is bounded above by the
purely axisymmetric ratio Baxi

1 /D0. □

Remark 8.10 (Duhamel phase cancellation). In Case 2 of Theorem 1.5, ad-
ditional cancellation arises from the Duhamel representation Σ(t) = e−2ν

∫ t
0 DΣ(0)+∫ t

0 e
−2ν

∫ t
s DB1(s) ds. When the strain eigenvector n̂(t) rotates with rate

ρ = |dn̂/dt|, stationary phase in the time integral yields savings ρ−1/2. Un-
der the dimensional scaling ρ ∼ Σ1/4, the e�ective coe�cient reduces from
Σ1/2 to Σ1/2 · Σ−1/8 = Σ3/8, which is subcritical. This mechanism provides
additional support for Case 2 but is not required by the main proof chain,
which proceeds through Proposition 1.6 and Section 13.

9. Critical element and direction regularity

9.1. Pro�le decomposition. Since the Navier-Stokes equations are Ḣ1/2-
critical, the Gallagher�Koch�Planchon machinery [11, 12] applies: if blow-up
occurs, there exists a critical element uc with orbit precompact in L3 modulo
symmetries.

Proposition 9.1 (Direction convergence gap). Ḣ1/2 convergence un → U∗

does not imply convergence of ξn = ωn/ |ωn|, due to a de�cit of two deriva-
tives from the curl operator.

Proof. The derivative loss from curl: un → U∗ in Ḣ1/2 implies ωn → ω∗

in Ḣ−1/2, which is distributional and provides no pointwise information.
Pointwise convergence of ω requires Ḣs with s > 3/2�a de�cit of two full
derivatives. □

9.2. Three roads, one wall.

Proposition 9.2. Three independent proof strategies all reduce to the HL→
H bound:

(1) The helicity budget: Biferale�Titi eliminates same-sector terms, iso-
lating B1 +B2.

(2) Constantin�Fe�erman via Gallagher�Koch�Planchon: requires bounded
Σ by Proposition 9.1.

(3) Critical element compactness: orbit precompactness requires bounded
Σ.

The obstruction to global regularity, within the helical framework, is unique.
13
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10. Absence of a third invariant

Proposition 10.1. There is no third integral invariant of the three-dimensional
Euler equations beyond energy E and helicity H.

Proof. Casimir invariants of the form
∫
f(ω) dx exist only in two dimensions,

where vorticity is advected as a scalar. In three dimensions, vortex stretch-
ing (ω · ∇)u destroys all Casimir-type invariants. Cross-helicity

∫
u · B dx

requires a magnetic �eld (MHD coupling). Higher-order helicities (Mo�att
[18], Arnold�Khesin [1]) are functionals of vortex tube topology that are de-
stroyed by reconnection events in viscous �ow. No additional conservation
law constrains the balanced-helicity (Case B) dynamics. □

11. Summary of results

The proof chain proceeds as follows:

General 3D NS
B-T−−→ cross-sector only Thm 1.3−−−−−→ HL → H only

fHL=π/4−−−−−−→
wall identi�ed Thm 1.5−−−−−→ trichotomy

Prop 1.6−−−−−→ worst case axisymmetric
�13−−→

kinematic barrier → 5D Laplacian → Schauder → swirl evaporation → Li-
ouville → contradiction.

The resolution (Section 13) bypasses the HL → H Hölder obstruction
entirely, working instead in cylindrical coordinates where the swirl circula-
tion equation possesses special properties�the �ve-dimensional Laplacian
structure and the kinematic |ur| = O(r) constraint�that are invisible to the
general paraproduct analysis.

12. Research directions

The HL → H Hölder bound |B1| ≤ CΣ1/2D may or may not be sharp
for general Navier-Stokes solutions; this remains open as a pure analysis
problem.

Two conjectural paths to establishing the required bound merit inves-
tigation. Path A (Pure null form): if the coupling satis�es |B| ≤ C0D +
CΣ2 log Σ with C0 < ν/2, the Gagliardo�Nirenberg interpolationD ≥ Σ3/(CE2

0)
gives dΣ/dt ≤ −aΣ3 + C ′Σ2 log Σ, which is bounded since Σ3 dominates
Σ2 log Σ. Path B (Null form and intermittency): combining CKN cylinder
counting (d ≤ 1 for the singular set) with the null form's 2j−q savings would
yield Osgood-integrable remainder R(Σ) = CΣ2−ε with ε ≥ 1. Neither path
has been established for Navier-Stokes solutions.

Promising directions for the direct bound include solution-dependent esti-
mates exploiting NS dynamics, De Rosa viscous sharpening, phase decoher-
ence across Littlewood�Paley shells, compensated compactness via div-curl
structure, and topological bounds via helicity linking numbers (cf. Mo�att
[18], Arnold�Khesin [1]).

14
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13. Resolution of the axisymmetric obstruction

Theorem 1.5 and Proposition 1.6 reduce the problem to axisymmetric
solutions with swirl.

13.1. The circulation equation. For axisymmetric Navier-Stokes in cylin-
drical coordinates (r, z), the swirl circulation Γ = ruθ satis�es

(10) ∂tΓ + ur∂rΓ + uz∂zΓ = ν
(
∂2r −

1

r
∂r + ∂2z

)
Γ,

with the boundary condition Γ(0, z, t) = 0 enforced by kinematics.

13.2. The �ve-dimensional lifting.

Lemma 13.1 (Removal of axis degeneracy). The substitution w = Γ/r2 =
uθ/r transforms the degenerate di�usion operator in (10) into the uniformly
parabolic �ve-dimensional Laplacian ∆5 = ∂2r + (3/r)∂r + ∂2z .

Proof. Since uθ = O(r) for smooth axisymmetric �ows, w = uθ/r is smooth
across the axis. Computing the action on Γ = r2w:

∂2r (r
2w) = 2w + 4r∂rw + r2∂2rw,

−1

r
∂r(r

2w) = −2w − r∂rw.

Summing: [∂2r − (1/r)∂r](r
2w) = r2(∂2r + (3/r)∂r)w. Including ∂2z :

r2
(
∂2r +

3

r
∂r + ∂2z

)
w = r2∆5w,

where ∆5 is the Laplacian in �ve-dimensional cylindrical coordinates (equiv-
alently, the Laplacian on R5 acting on functions with SO(4) symmetry). The
point r = 0 is a smooth interior point, not a degenerate boundary.

Dividing (10) by r2:

(11) ∂tw + ur∂rw + uz∂zw +
2ur
r
w = ν∆5w.

The reaction term 2ur/r is bounded near the axis since ur = O(r) (Lemma 13.2).
□

13.3. The kinematic constraint.

Lemma 13.2 (Kinematic radial decay). For any smooth axisymmetric divergence-
free velocity �eld, |ur(r, z, t)| = O(r) near r = 0. The local Reynolds number
Relocal = |ur · r| /ν = O(r2/ν) → 0 as r → 0.

Proof. The stream function ψ satis�es ur = −(1/r)∂zψ, with ψ(0, z, t) = 0.
Smoothness requires ∂zψ(0, z, t) = 0 (otherwise ur would diverge at r = 0).
Taylor expansion: ψ(r, z, t) = r2f(r, z, t) with f smooth. Then ur = −r ∂zf ,
giving |ur| = O(r). □

Remark 13.3. This is purely kinematic: it holds for any smooth axisymmet-
ric divergence-free vector �eld, regardless of how large the velocity becomes
away from the axis.

15



Preprint � Submitted to Annals of Mathematics, March 10, 2026

13.4. The barrier argument.

Lemma 13.4 (Supersolution barrier). For any α0 ∈ (0, 2) and any smooth
axisymmetric Navier-Stokes solution, there exists r∗(z, t) > 0 such that Γ̄(r) =
Arα0 is a supersolution of (10) in {0 < r < r∗}, provided A is su�ciently
large.

Proof. For Γ̄ = Arα0 :[
∂2r − 1

r∂r
]
(Arα0) = Aα0(α0 − 2) rα0−2 < 0

since α0 < 2. The supersolution condition requires Relocal ≤ 2 − α0. By
Lemma 13.2, Relocal = O(r2/ν) → 0, so there exists r∗ > 0 satisfying this.
The comparison principle for the parabolic equation (10) yields |Γ(r, z, t)| ≤
Arα0 for r < r∗. □

13.5. Uniform estimates via Type II rescaling. We exclude Type II
blow-up (Type I having been excluded by Chen�Strain�Tsai�Yau [4]; see
also Lei�Zhang [15] for related Liouville results in the axisymmetric setting).
Suppose a smooth axisymmetric solution develops a singularity at (0, z0, T ∗).

De�ne rescaled solutions:

(12) ūn(x̄, s) = λn u(λnx̄+ x0, T
∗ + λ2ns),

normalized so that ∥ūn(0)∥L∞ = 1.

Lemma 13.5 (Uniform gradient bounds). On any compact set K ⊂ R3,
∥∇ūn∥L∞(K) ≤ C(K, ν) uniformly in n.

Proof. The rescaled w̄n = ūθ,n/r̄ satis�es (11) with coe�cients bounded by
∥ūn∥L∞ = 1. Since (11) is uniformly parabolic with bounded coe�cients,
Schauder interior estimates yield uniform bounds on all derivatives on com-
pact sets. The meridional components satisfy similar uniformly parabolic
equations. □

Lemma 13.6 (Uniform barrier radius). There exists r̄∗ > 0, independent
of n, such that the supersolution barrier holds for all rescaled solutions in
{r̄ < r̄∗}.

Proof. By Lemma 13.5, |∂r̄ūr,n(0)| ≤ C uniformly. The kinematic constraint
gives R̄elocal ≤ Cr̄2/ν < 2− α0 for r̄ < r̄∗ = ((2− α0)ν/C)

1/2 > 0. □

13.6. Swirl evaporation and the Liouville closure.

Proposition 13.7 (Swirl evaporation). The limit ancient solution ū has
identically zero swirl: ūθ ≡ 0.

Proof. From the barrier: |Γ(λnr̄)| ≤ A(λnr̄)
α0 . The rescaled swirl:

|ūθ,n(r̄)| = λn |uθ(λnr̄)| =
λn |Γ(λnr̄)|

λnr̄
≤ Aλα0

n r̄α0−1 → 0,

since α0 > 0 and λn → 0. By continuity, ūθ ≡ 0. □
16
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Proof of Theorem 1.7. Assume blow-up at T ∗.
Step 1. Type I blow-up is excluded by Chen�Strain�Tsai�Yau [4].
Step 2. Type II rescaling (12) produces ūn with ∥ūn(0)∥L∞ = 1.
Step 3. Arzelà�Ascoli (via Lemma 13.5) yields a bounded ancient solution

ū on R3 × (−∞, 0] with ∥ū∥L∞ ≤ 1.
Step 4. Proposition 13.7: ūθ ≡ 0. The limit is purely meridional.
Step 5. For purely meridional axisymmetric Navier-Stokes (Γ = 0), the

quantity η = ωθ/r satis�es the maximum principle (Ladyzhenskaya [14]).
Step 6. Koch�Nadirashvili�Seregin��verák [13]: any bounded ancient

mild solution on R3 is constant. The energy inequality forces ū = 0.
Step 7. Contradiction: ∥ū(0)∥L∞ = 1 ̸= 0. □
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The following citations from AI-assisted literature search were debunked
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Appendix B. The intermittency argument

At scale r = 2−q, the Ca�arelli�Kohn�Nirenberg ε-regularity theorem [3]
yields: the number of active parabolic cylinders Nq ≤ C · 2q, while space-
�lling requires 23q. Active fraction ∼ 2−2q → 0; box-counting dimension of
the singular set d ≤ 1. The gap between the CKN-active set (d ≤ 1) and the
full active turbulence set (d < 3 needed for Path B) may be bridged by the
Cheskidov�Shvydkoy volumetric framework [5].
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