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Abstract. The arrow of time�the observed asymmetry between past
and future�manifests in at least three apparently independent forms:
the thermodynamic arrow (entropy increases), the quantum arrow (de-
coherence is irreversible), and the cosmological arrow (the universe ex-
pands from a low-entropy initial state). Despite decades of investigation,
no consensus framework explains why these three arrows align. We argue
that all three arrows are consequences of a single, deeper mechanism: the
irreversible proliferation of quantum entanglement entropy across envi-
ronmental degrees of freedom. We term this the Informational Arrow.
We derive, under stated assumptions, that (1) the thermodynamic arrow
is recovered as the coarse-grained limit of entanglement spread, (2) the
quantum-decoherent arrow is the microscopic mechanism by which this
spread occurs, and (3) the cosmological arrow provides the boundary
condition (initially low entanglement entropy) that makes the process
monotonic. The alignment is not coincidental�it is necessary, given
these assumptions. We derive explicit alignment bounds, �ve testable
conjectures (one con�rmed experimentally), and prove the essential con-
tent without dependence on the Eigenstate Thermalization Hypothesis.
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1. Introduction

1.1. Statement of the problem. Time, as a coordinate in physics, is
symmetric. The fundamental equations of motion�Newtonian mechanics,
Maxwell's equations, the Schrödinger equation, Einstein's �eld equations�
are time-reversal invariant (or CPT-invariant in the case of certain weak
interactions). Yet our experienced reality is profoundly asymmetric in time:
eggs break but do not unbreak, heat �ows from hot to cold, measurements
destroy superpositions irreversibly, and the universe began in a state of ex-
traordinary order.
This asymmetry manifests in three distinct physical domains:

Arrow 1�Thermodynamic (Boltzmann, 1872 [5]). The second law
of thermodynamics states that the entropy of an isolated system does not
decrease:

(1)
dS

dt
≥ 0,

where S is the Boltzmann entropy S = kB lnΩ, with Ω the number of acces-
sible microstates.

Arrow 2�Quantum-Decoherent (Zeh, 1970 [32]; Zurek, 1981 [33]).
When a quantum system interacts with an environment, the reduced density
matrix of the system evolves from a pure state to a mixed state. O�-diagonal
elements (coherences) in the pointer basis decay exponentially:

(2) ρij(t) = ρij(0) · e−Γijt,

where Γij is the decoherence rate.

Arrow 3�Cosmological (Penrose, 1979 [21]). The universe began in
a state of extraordinarily low gravitational entropy�the smooth, nearly ho-
mogeneous initial condition of the Big Bang. The Weyl curvature hypothesis
proposes that the Weyl tensor was zero or near-zero at the initial singularity.

1.2. Why alignment is puzzling. These three arrows arise from di�erent
physics:

• Arrow 1 from statistical mechanics over phase space;
• Arrow 2 from quantum mechanics and open quantum systems;
• Arrow 3 from general relativity and cosmological initial conditions.

There is no a priori reason they must point in the same direction (see Al-
bert [1] and Price [23] for thorough discussions of this puzzle). Yet the align-
ment is perfect in our universe�not �mostly aligned� but perfectly aligned,
across 13.8 billion years, across every scale from nuclear decays to galaxy
formation.
This paper argues that the alignment is not contingent but neces-

sary, given three physically motivated assumptions (Hilbert-space
factorization, generic Hamiltonian, low-entanglement initial condi-
tion). The three arrows are not three phenomena�they are three descrip-
tions, at three di�erent scales, of one underlying irreversible process.
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Approach Contribution Limitation

Boltzmann [5] (H-
theorem)

Entropy increase from
molecular chaos

Requires Stosszahlansatz�
circular

Penrose [21] (Weyl
curvature)

Low-entropy initial condi-
tion

Does not generate quantum
arrow

Zeh/Zurek [32, 33]
(Decoherence)

Irreversible coherence loss Does not derive thermody-
namic arrow

Price [23] (Time
symmetry)

All asymmetry from
boundaries

No mechanism

Carroll [7] (En-
tropy/eternity)

Low initial entropy as
brute fact

Does not unify three arrows

Connes�Rovelli
(Thermal time)

Time from KMS states Does not address alignment

Table 1. Previous approaches to the arrow of time.

1.3. Previous approaches. None of these unify all three arrows under a
single mechanism. This is the gap we address.

1.4. Sketch of the proof. The argument proceeds in �ve stages.

Stage 1 (De�nition, �2). We de�ne the Informational Arrow : the di-
rection of time is the direction of increasing entanglement entropy between
subsystems of the universe. The key property distinguishing entanglement
entropy from Boltzmann entropy is that it is observer-independent�it de-
pends on the Hilbert-space factorization, not on a choice of coarse-graining.

Stage 2 (Arrow recoveries, ��3�5). We derive that each of the three
observed arrows is a projection of the Informational Arrow onto a di�erent
scale:

(i) Thermodynamic (�3): Under ETH, Boltzmann entropy tracks entan-
glement entropy in the thermodynamic limit, with errorO((lnN)/N).
The second law follows without the Stosszahlansatz.

(ii) Quantum-decoherent (�4): Decoherence of a subsystem S is entan-
glement growth between S and its environment�not an analogy but
an identity at the level of the density matrix.

(iii) Cosmological (�5): The Past Hypothesis is reformulated as a low-
entanglement initial condition. A Haar-typical state would already
be near-maximally entangled and would exhibit no arrow.

Stage 3 (Uni�cation, �6). Given three physically motivated assumptions�
spatial Hilbert-space factorization, a generic (non-integrable) Hamiltonian,
and PIC�we prove (Theorem 6.1) that the three monotonicities are not inde-
pendent: decoherence is the microscopic mechanism producing entanglement
growth, and entanglement growth entails Boltzmann entropy growth in the
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thermodynamic limit. The causal chain is:

Low initial entanglement
Hint−−→ Decoherence ≡ Entanglement growth

N→∞
====⇒ Second law.

Stage 4 (Quantitative alignment, �D).We derive the �rst explicit bound
on the misalignment δ(t) between the three arrow rates (Theorem D.5). The
bound separates into a decoherence�entanglement term (controlled by the
residual coherence C(t) → 0) and an entanglement�thermodynamic term
(controlled by 1/N). Both vanish in the macroscopic limit, giving δ → 0:
alignment is derived, not assumed.

Stage 5 (ETH-free proof, �E). We remove the framework's dependence
on the unproven Eigenstate Thermalization Hypothesis by replacing it with
a generic non-resonance condition (NRC) on the energy spectrum. Under
NRC, entanglement entropy is near-maximal for a fraction 1 − O(e−cN ) of
time (Theorem E.5), and all three arrows align in the measure-theoretic sense
(Theorem E.6). The irreducible inputs reduce to: product initial condition
(cosmology), non-resonance (generic), and locality (�nite speed of light).

1.5. Worked example. To make the framework concrete, we compute all
key quantities for a speci�c system: N = 10 spin-1/2 sites with nearest-
neighbor Heisenberg coupling J = 1 meV and local Hilbert space dimension
dlocal = 2. Let A be the �rst L = 4 sites; the complement B has 6 sites.

Initial state. |Ψ(0)⟩ = |↑↓↑↓↑↓↑↓↑↓⟩ (product state, PIC satis�ed). Then
Sent(A, 0) = 0.

Page entropy. dA = 24 = 16, dB = 26 = 64. The Page value is SPage(A) =

ln dA − dA
2dB

= ln 16− 16
128 = 2.773− 0.125 = 2.648 (in nats).

Ballistic growth phase. |∂A| = 1 (single boundary bond), vLR ≈ 2Ja/ℏ
(Lieb�Robinson velocity for Heisenberg model, a= lattice spacing). Crossover
time: t∗ = L/(2vLR) = 4a · ℏ/(4Ja) = ℏ/J ≈ 0.66 ps. Growth rate:
˙Sent = (2J/ℏ) · 1 · ln 2 ≈ 2.1× 1012 nats/s.

E�ective dimension. For a product initial state of 10 spins, d
(E)
eff ∼ ec

′N

with c′ ≈ ln 2/2 (from CLT), giving d
(E)
eff ∼ e

3.5 ≈ 33. The full Hilbert space

has 210 = 1024 states, and d2A/d
(E)
eff = 256/33 ≈ 7.8, con�rming the time-

averaged �uctuation bound Sent below equilibrium for fraction ≤ d2A/d
(E)
eff ≈

8% of time.

Mesoscopic misalignment. For N = 10: δ ∼ 1/
√
10 ≈ 0.32. The three

arrows onset at times tdec ∼ ℏ/(J
√
N) ≈ 0.21 ps, tent ∼ ℏ/J ≈ 0.66 ps,

tthermo ∼ (ℏ/J) lnN ≈ 1.5 ps. The predicted misalignment is ∼30% during
the window [0.21, 1.5] ps�a clear, measurable signal on cold-atom platforms
with ∼100 fs resolution.

This example demonstrates that all predictions are numerically speci�c
and experimentally accessible for systems of modest size.
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Product Initial
Condition (PIC)

Entanglement entropy
growth: Sent(t)↗ SPage

Thermodynamic
arrow (SB ↗)

Decoherent
arrow (Γ > 0)

Cosmological
arrow (Sent(t0) ≈ 0)

boundary condition

coa
rse
-gr
ain

ing

≡ (identity)

initial condition

reformulated as

Alignment: δ(t)→ 0 as N →∞ (Theorem D.5)

Three descrip-

tions, three scales,

one irreversible process

Figure 1. The Informational Arrow: a single mechanism
(entanglement entropy growth from a low-entanglement ini-
tial state) produces all three observed arrows of time. The
decoherent arrow IS the entanglement mechanism (identity,
not analogy). The thermodynamic arrow is its coarse-grained
limit. The cosmological arrow provides the boundary condi-
tion. Alignment is derived (Theorem D.5), not assumed.

2. The Informational Arrow�Core Thesis

2.1. De�nition. We de�ne the Informational Arrow as follows:

The direction of time is the direction of increasing entangle-
ment entropy between subsystems of the universe.

More precisely: partition the universe's Hilbert space H into a system S
and its complement E (environment). The entanglement entropy is the von
Neumann entropy of the reduced density matrix:

(3) Sent(S) = −Tr(ρS ln ρS), ρS = TrE
(
|Ψ⟩ ⟨Ψ|

)
.

The Informational Arrow states: For any subsystem S of the uni-
verse, Sent(S) is a monotonically non-decreasing function of time, given the
cosmological boundary condition that the initial state |Ψ(t0)⟩ was a product
state (or near-product state) across macroscopic degrees of freedom.

2.2. Why entanglement entropy is the right quantity. Three obser-
vations motivate entanglement entropy as the fundamental clock:

(a) It is observer-independent in a way Boltzmann entropy is
not. Boltzmann entropy depends on a choice of coarse-graining.
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Entanglement entropy depends only on the factorization of Hilbert
space.

(b) It monotonically increases under generic Hamiltonian evolu-
tion from low-entanglement initial conditions. This has been
rigorously demonstrated for systems satisfying the Eigenstate Ther-
malization Hypothesis (ETH), and we prove it under weaker condi-
tions in Appendix E.

(c) It connects quantum and classical irreversibility without re-
quiring an ad hoc bridge. Decoherence is entanglement with the
environment. Thermodynamic entropy increase is the coarse-grained
manifestation of entanglement spread. These are not analogies�they
are the same mathematical object viewed at di�erent resolutions.

3. Arrow 1 Recovery: Thermodynamic Entropy as

Coarse-Grained Entanglement

3.1. Setup. Consider a macroscopic system partitioned into N mesoscopic
cells {C1, C2, . . . , CN}, each containing a large number of microscopic degrees
of freedom. The total Hilbert space factorizes:

(4) H = HC1 ⊗HC2 ⊗ · · · ⊗ HCN
.

At t = 0, let the state be a product state across cells:

(5) |Ψ(0)⟩ = |ψ1⟩ ⊗ |ψ2⟩ ⊗ · · · ⊗ |ψN ⟩ .
The total entanglement entropy across any bipartition is zero.

3.2. Evolution and entanglement growth. Under a generic interacting
Hamiltonian H with inter-cell couplings, the state evolves:

(6) |Ψ(t)⟩ = e−iHt/ℏ |Ψ(0)⟩ .
This state is no longer a product state for t > 0. For a cell Ck with

boundary interactions of strength J :

(7)
dSent(Ck)

dt

∣∣∣∣
t=0+

=
2J

ℏ
· |∂Ck| · f(local state),

where |∂Ck| is the boundary surface area of cell k and f is a positive-de�nite
function of the local quantum state at the boundary.

3.3. Connection to Boltzmann entropy. The key insight (developed by
Gemmer, Michel, and Mahler [12] in quantum thermodynamics) is:
For systems satisfying ETH, the Boltzmann entropy of the macrostate

and the entanglement entropy of the subsystem converge in the
thermodynamic limit:

(8) SB(M(t)) ≈ Sent(ρS(t)) +O

(
lnN

N

)
.

The correction term vanishes as N →∞. More precisely, SB is not merely an
approximation to Sent�it is the von Neumann entropy restricted to classical
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(diagonal) states. The convergence is a derivation: Boltzmann entropy is a
special case of entanglement entropy in the semiclassical limit.

3.4. The second law as consequence. Since Sent grows monotonically
from the initial product state, and SB tracks Sent in the thermodynamic
limit, it follows that SB is non-decreasing. The second law of thermody-
namics is not an independent postulate�it is the coarse-grained shadow of
entanglement growth.
Crucially, this derivation does not require the Stosszahlansatz.

The molecular chaos assumption is replaced by two non-circular inputs:
• A low-entanglement initial condition (from cosmology�Arrow 3);
• Generic (non-integrable) dynamics (from the actual Hamiltonian of
nature).

4. Arrow 2 Recovery: Decoherence as the Mechanism of

Entanglement Spread

4.1. Decoherence is entanglement. A quantum system S in state |ψ⟩ =
α |0⟩+ β |1⟩ interacts with environment E initially in state |E0⟩:

(9)
(
α |0⟩+ β |1⟩

)
⊗ |E0⟩

Hint−−→ α |0⟩ |E0⟩+ β |1⟩ |E1⟩ .

The reduced density matrix of S:

(10) ρS = |α|2 |0⟩⟨0|+ |β|2 |1⟩⟨1|+ αβ∗ ⟨E1|E0⟩ |0⟩⟨1|+ α∗β ⟨E0|E1⟩ |1⟩⟨0| .

As the environment states become orthogonal (⟨E1|E0⟩ → 0), the coher-
ences vanish. The entanglement entropy goes from 0 to:

(11) Sent(S) = −|α|2 ln |α|2 − |β|2 ln |β|2.

Decoherence is the entanglement growth mechanism. This identi�cation
is central to the decoherence program (see Schlosshauer [48, 49] for compre-
hensive reviews).

4.2. Irreversibility of decoherence. Decoherence is irreversible in prac-
tice because reversing it requires tracking all environmental degrees of free-
dom that became entangled and applying the exact time-reversed Hamilton-
ian simultaneously. For a single photon scattering event, the environmental
information disperses at the speed of light.

4.3. Decoherence rate and entropy production. The decoherence rate
Γ for a system coupled to a thermal environment at temperature T is:

(12) Γ ∼ kBT

ℏ
·
(
∆x

λdB

)2

,

where ∆x is the spatial separation of the superposed states and λdB is the
thermal de Broglie wavelength.
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5. Arrow 3 Recovery: The Cosmological Boundary Condition

5.1. The Past Hypothesis, reformulated. We reformulate the Past Hy-
pothesis as:

The universe began in a state of very low entanglement entropy�
approximately a product state across macroscopic spatial re-
gions.

At the Big Bang: (a) gravitational degrees of freedom were not entangled;
(b) matter degrees of freedom were in local thermal equilibrium; (c) the
Hilbert space was e�ectively factorized along spatial lines:

(13) |Ψ(t0)⟩ ≈
⊗

causal patches

|ψpatch⟩ .

5.2. Why no future boundary condition exists. The growth of entan-
glement creates the arrow. Once entanglement has spread to near-maximal
levels (heat death), the arrow weakens and eventually ceases. No future
boundary condition is needed because the approach to maximum entangle-
ment is generic; see Hawking [14] for the original argument in the cosmolog-
ical context.

5.3. The cosmological arrow as precondition. The cosmological arrow
supplies the initial condition (low entanglement). The quantum arrow pro-
vides the dynamical mechanism (decoherence spreads entanglement). The
thermodynamic arrow is the macroscopic consequence (Boltzmann entropy
tracks entanglement entropy in the thermodynamic limit).

6. The Unification Theorem

6.1. Statement.

Theorem 6.1 (Informational Arrow Uni�cation). Given:
(1) A quantum system with Hilbert space H =

⊗
kHk (spatial factoriza-

tion);
(2) A non-integrable Hamiltonian with local interactions (De�nition C.3);
(3) ETH compliance of the Hamiltonian (for quantitative bounds);
(4) An initial state |Ψ(t0)⟩ that is a product state, or a near-product state

with Sent(t0) ≤ ε0 ≪ SPage (see Remark 6.2).
Then:

(a) The entanglement entropy Sent(ρS) of any subsystem S with dim(HS) <
dim(H)/2 transitions from Sent(t0) ≤ ε0 to Sent ≥ SPage −O(e−cN ),
and is monotonically non-decreasing when coarse-grained over time
windows τ ≫ τH (Lemma C.6).

(b) The decoherence of any subsystem S in the pointer basis is mono-
tonically increasing: o�-diagonal coherences |ρij(t)| decay at rates
bounded below by Inequality (C.10).
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(c) The Boltzmann entropy SB(M) of any macrostate M is monotoni-
cally non-decreasing in the thermodynamic limit, with |SB−Sent| → 0
as N →∞ (Lemma C.7).

(d) These three processes are not independent�(b) is the microscopic
mechanism producing (a), and (a) entails (c) in the thermodynamic
limit.

Remark 6.2 (Near-Product Initial Conditions). PIC (ε0 = 0) is the cleanest
assumption, but the results are robust to small initial entanglement. For
ε0 > 0, the initial growth rate (Inequality C.8) acquires a correction of
order O(ε0/SPage), and the equilibration time increases by at most O(ε0ℏ/J).
The theorems hold for any ε0 ≪ SPage, with all bounds acquiring O(ε0)
corrections.

6.2. Proof sketch. (a) Under PIC, Sent(S, 0) = 0. Under ETH, the long-
time average converges to SPage (Deutsch 1991 [11], Srednicki 1994 [30], Rigol
et al. 2008 [26]). Coarse-grained monotonicity follows from progressive de-
phasing (Lemma C.6). Part (b) follows from the decoherence�entanglement
identity (Lemma C.8): coherence decay IS entropy growth. Part (c) follows
from the convergence of Sent and SB in the thermodynamic limit (Lemma C.7).
Part (d) is the content of (b) → (a) → (c): interaction → entanglement →
decoherence → entropy increase. Full proofs are in Appendix C. □

6.3. Scope limitations.
(1) We do not derive the initial state from �rst principles within the

framework itself. However, in Appendix F, we argue that cosmic
in�ation provides a natural mechanism for producing the Product
Initial Condition: exponential expansion stretches quantum correla-
tions beyond the Hubble horizon, yielding a near-product state at
reheating. If accepted, this reduces the remaining open question to:
why did in�ation occur?

(2) We do not prove the Arrow Alignment Theorem for integrable sys-
tems. Integrable systems possess extensive sets of conserved quan-
tities that prevent thermalization and are known to violate ETH.
Our framework predicts that integrable systems should exhibit ar-
rows that fail to align�this is a con�rmable consequence, not a gap.
In Section 8, we validate this prediction numerically: the Toda lattice
(integrable) shows entropy oscillation and soliton recurrence with no
well-de�ned arrow, while the FPUT-β lattice (non-integrable) ther-
malizes irreversibly.

(3) We do not address the CP-violation arrow.
(4) Many-body localized (MBL) systems present a distinct challenge:

strong disorder can generate emergent local conserved quantities (�l-
bits�) that prevent thermalization even in non-integrable systems (see
Nandkishore and Huse [53] for a comprehensive review). MBL sys-
tems violate ETH and NRC locally, and our framework predicts�
like the integrable case�that the informational arrow should fail or



12 ASH DANNER

weaken in the MBL phase. A detailed numerical study of the MBL
transition in the context of arrow alignment is left for future work.

(5) Our framework is mathematically neutral across quantum interpre-
tations, but it assumes that decoherence provides a su�cient ac-
count of the quantum-to-classical transition. This is consistent with
Everettian, decoherence-based, and information-theoretic interpreta-
tions. It is in tension with interpretations that treat wave function
collapse as a fundamental process distinct from decoherence.

7. Testable consequences

Each conjecture below is stated as a falsi�able quantitative claim derived
from the formal framework (Appendix C).

7.1. Entanglement growth rate in isolated quantum systems.

Conjecture 7.1. For an isolated many-body system of N sites with nearest-
neighbor coupling strength J , prepared in a product initial state, the entan-
glement entropy of a contiguous subsystem A of size L < N/2 grows as:

(P.1) Sent(A, t) =


2J

ℏ
|∂A| t ln dlocal for t < t∗ = L

2vLR

SPage(A)− δ(t) for t≫ t∗

where vLR is the Lieb�Robinson velocity, dlocal is the local Hilbert space
dimension, and δ(t)→ 0 exponentially.

Remark 7.2. Conjecture 7.1 has been con�rmed experimentally by Kaufman
et al. [15], who measured entanglement entropy growth in a 6-site Bose�
Hubbard system and observed linear growth, area-law scaling, and saturation
near the Page value. Numerical evidence for ballistic entanglement spreading
in non-integrable systems was provided by Kim and Huse [16]. The linear
growth regime is consistent with the conformal �eld theory predictions of
Calabrese and Cardy [47] for 1+1 dimensional systems, and the universal-
ity of this behavior under random unitary dynamics has been established
rigorously by Nahum et al. [50].

7.2. Decoherence�entropy production relation.

Conjecture 7.3. For a mesoscopic quantum system S coupled to a thermal
bath at temperature T , the thermodynamic entropy production rate of the
bath is bounded below by the decoherence rate:

(P.2)
dSbath

B

dt
≥ kB

∑
i<j

Γij ln

(
1

| ⟨Ei|Ej⟩env |2

)
.

Remark 7.4. Optomechanical experiments (Aspelmeyer et al., 2014 [3]) ob-
serve correlated decoherence and heating consistent with this bound. A
falsifying observation would be decoherence without corresponding entropy
increase in the environment.
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t∗ = L
2vLR

0

SPage

ballistic:

2J
ℏ |∂A| t ln dlocal

saturation:

SPage − δ(t)

P.1 con�rmed

Kaufman et al. 2016

Time t

Sent(A, t)

Figure 2. Entanglement entropy growth from a product ini-
tial state (Conjecture 7.1). The growth is ballistic for t < t∗

and saturates exponentially toward SPage. This prediction
has been con�rmed experimentally in a 6-site Bose�Hubbard
system [15].

7.3. Entanglement saturation freezes both arrows.

Conjecture 7.5. When a subsystem S reaches entanglement saturation
(Sent(S) = SPage ± ε), both entropy production and decoherence rate are
exponentially suppressed:

(P.3)

∣∣∣∣dSent(S)dt

∣∣∣∣ ≤ C e−α |SPage−Sent|/kB , Γeff ≤ C ′ e−α
′ |SPage−Sent|/kB .

Remark 7.6. Conjecture 7.5 is falsi�ed if a system at entanglement satura-
tion exhibits macroscopic entropy production or decoherence at a rate not
exponentially suppressed in |SPage − Sent|. Speci�cally, observing Γeff ∼
1/poly(N) rather than ∼ e−αN near saturation would constitute a disproof.

7.4. Asymmetric recollapse.

Conjecture 7.7. In a universe that expands and then recontracts, the ther-
modynamic and decoherent arrows do not reverse at the turnaround point:

(P.4) Sent(tcontract) ≥ Sent(tturnaround) ≥ Sent(texpand)≫ Sent(t0).

This distinguishes from Gold's hypothesis [13], which predicted arrow rever-
sal at recollapse.

Remark 7.8. Conjecture 7.7 is falsi�ed by any observation of arrow reversal
during cosmological contraction. More precisely: if a recontracting universe
were observed in which decoherence rates decrease or entropy spontaneously
drops at turnaround, this would disprove the conjecture. The prediction is
that cosmological recollapse produces additional entanglement, not reversal.
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7.5. Black hole entanglement budget.

Conjecture 7.9. The Bekenstein�Hawking entropy SBH = kBc
3A/(4Gℏ)

is the maximum entanglement entropy across the horizon bipartition, and
Hawking radiation follows the Page curve:

(P.5) Sent(radiation, t) =

{
Srad(t) for t < tPage

SBH(t) for t > tPage

Remark 7.10. The Page curve has been derived independently via the grav-
itational path integral by Penington [20] and Almheiri et al. [2]; see also
Hayden and Preskill [54] for the information-theoretic analysis of scrambling
across black hole horizons. The holographic relation between entanglement
entropy and geometry (Ryu�Takayanagi formula [27]) provides further evi-
dence that entanglement entropy is the fundamental gravitational bookkeep-
ing variable. Conjecture 7.9 is falsi�ed if Hawking radiation does NOT follow
the Page curve�i.e., if entanglement entropy of the radiation continues to
increase past the Page time rather than decreasing. Note that Conjecture 7.9
also provides a consistency check with Conjecture 7.5: the Page time is pre-
cisely the saturation time for the black hole�radiation bipartition, and the
exponential suppression of P.3 should govern the post-Page regime.

7.6. Experimental protocols. Conjectures P.1�P.5 are stated as mathe-
matical predictions. Below, we specify concrete experimental protocols using
currently available quantum hardware, to assist experimental groups in test-
ing the framework.
Protocol 1: Ballistic entanglement growth (P.1). Platform: Superconducting
transmon qubits (IBM/Google architecture) or trapped ion chain (Monroe
group). Setup: N = 12�20 qubits in a 1D chain with nearest-neighbor ZZ

or Heisenberg coupling. Prepare a product state |0⟩⊗N . Measurement: Use
randomized measurements (Brydges et al., 2019) or classical shadow tomog-

raphy to estimate the Rényi-2 entanglement entropy S
(2)
ent(A) for a contiguous

subsystem A of size L = N/2 at times t = 0,∆t, 2∆t, . . . Prediction: Sent
grows linearly until t∗ = L/(2vLR), then saturates to SPage ±O(1/dS). The
slope during the linear regime should match 2J |∂A| ln dlocal/ℏ to within 10%.
Falsi�cation: Sublinear growth or saturation below SPage−O(1) would falsify
P.1.
Protocol 2: Arrow freezing at saturation (P.3). Platform: Trapped ion chain
(N = 12�16) with tunable long-range interactions. Setup: Same as Pro-
tocol 1, but evolve to t ≫ t∗ (well past saturation). Measurement: Mea-
sure |dSent/dt| in the saturated regime by di�erencing consecutive entropy
estimates. Prediction: The entropy production rate decays exponentially:
|dSent/dt| ≤ C exp(−α|SPage − Sent|). Falsi�cation: If the saturated-regime
�uctuation rate scales as 1/poly(N) rather than exp(−αN), P.3 is disproved.
Protocol 3: Integrable vs non-integrable arrow (Section 6.3). Platform: Cold
atom optical lattice (Bloch group) or digital quantum simulator. Setup: Re-
alize the XXZ Heisenberg chain (integrable at ∆ = 1) and a perturbed



THE INFORMATIONAL ARROW 15

version with next-nearest-neighbor coupling (non-integrable). Prepare a
domain-wall initial state. Measurement: Track entanglement entropy growth
in both cases. Prediction: The integrable chain shows sub-ballistic or oscil-
lating entropy growth (arrow absent); the non-integrable chain thermalizes
with ballistic growth and saturation (arrow present). Falsi�cation: If the
integrable chain thermalizes as e�ciently as the non-integrable chain, the
prediction of Section 6.3 is disproved.

8. Cross-Domain Numerical Evidence

The theoretical results of this paper�Theorems 6.1, D.5, E.5, and E.6�
stand on their mathematical proofs under stated assumptions. The simula-
tions presented in this section are illustrative, not constitutive: they test the
framework's predictions against direct numerical evidence but do not enter
the proof chain. We present three targeted demonstrations that probe the
framework's distinct claims, followed by a cross-domain summary of 14 sys-
tems. Extended results for all individual systems are collected in Appen-
dix H.

8.1. Quantum-exact veri�cation: Heisenberg spin chain. We verify
the framework's central predictions directly using exact diagonalization of
the Heisenberg XXX spin chain

H = J
N−1∑
i=1

Si · Si+1

for N = 8, 10, 12, 14 spins (Hilbert space dimensions 256 to 16,384). We
prepare the system in a Néel state |↑↓↑↓ · · · ⟩ (a product state with Sent = 0),
evolve via |ψ(t)⟩ = e−iHt|ψ(0)⟩, and compute the von Neumann entropy
SA(t) = −Tr(ρA ln ρA) of the �rst N/2 spins.
Conjecture 7.1 (P.1): growth rate bound. The theoretical bound is dSent/dt ≤
2J |∂S| ln dlocal = 2 · 1 · 1 · ln 2 ≈ 1.386 nats per unit time. The measured
maximum growth rate across all system sizes is 0.606 nats/time�a ratio of
0.44, comfortably within the bound (Figure 3, right panel). This holds for
every system size tested, con�rming that the Lieb�Robinson�derived bound
of Conjecture 7.1 is not merely satis�ed but is a meaningful upper bound on
the physical rate.
Conjecture 7.5 (P.3): approach to Page value. The entropy grows, oscillates,
and saturates at a value below the naive SPage = (N/2) ln 2−1/2. The short-
fall is explained by conservation laws: the Néel state has total Sz = 0, re-
stricting the accessible Hilbert space to the Sz = 0 sector (dimension

(
N
N/2

)
),

whose Page value is lower than that of the full space. This is consistent
with Theorem 6.1, which applies within each conserved sector. The ratio
⟨S⟩/SPage ranges from 0.79 (N = 8) to 0.70 (N = 14), with �uctuations
that decrease with system size (Figure 4)�consistent with the exponential
suppression predicted by Conjecture 7.5.
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Figure 3. Exact quantum entanglement entropy for Heisen-
berg spin chains (N = 8�14). Left: normalized entropy
Sent(t)/SPage showing ballistic growth from the product state,
followed by oscillatory saturation. All curves saturate be-
low SPage due to conservation-law sector restriction (the Néel
state has Sz = 0). Right: instantaneous growth rate
dS/dt versus the theoretical P.1 bound (red dashed line at
2J ln 2 ≈ 1.386). No system size violates the bound. Source
code: qlc_sim_quantum.py.

Figure 4. Scaling of entanglement entropy saturation with
system size. Black circles: theoretical Page value SPage =
(N/2) ln 2 − 1/2. Blue squares: measured late-time average
⟨S⟩ with standard deviation error bars. The persistent gap
between ⟨S⟩ and SPage re�ects the Sz = 0 sector restriction;
both scale linearly with N , as predicted.
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8.2. Integrable counterexample: Toda lattice versus FPUT-β. A
critical test of any framework claiming universality is whether it correctly
predicts its own failure modes. The Informational Arrow should emerge
in non-integrable systems but be absent in integrable systems, where con-
served quantities prevent thermalization (Section 6.3). We test this using
the Toda lattice, a fully integrable one-dimensional system with Hamiltonian
H =

∑
i[p

2
i /2+e

qi−qi+1−1], which possesses N independent conserved quan-
tities and exact soliton solutions [38]. We compare against the Fermi�Pasta�
Ulam�Tsingou (FPUT) β-model, a non-integrable quartic lattice known to
thermalize above its stochasticity threshold [39].
Both systems are initialized with all energy in the fundamental normal

mode (k = 1) and evolved with a symplectic (Störmer�Verlet) integrator for
N = 32 particles over 2 × 105 timesteps. We track the spectral entropy�
the Shannon entropy of the normal-mode energy distribution, normalized to
[0, 1] where 1 represents equipartition.
Results. The Toda lattice exhibits dramatic soliton recurrence: the fun-

damental mode periodically reabsorbs ∼95% of the total energy (9 full recur-
rences observed), and the spectral entropy oscillates with standard deviation
σS = 0.17. The informational arrow is absent: entropy neither increases
monotonically nor saturates. In contrast, the FPUT-β lattice (initialized
above the stochasticity threshold, E/N = 0.22, β = 2.0) thermalizes irre-
versibly: spectral entropy grows from 0.00 to 0.89 (near equipartition), the
fundamental mode decays to ∼13% of total energy, and the arrow is present.
Energy is conserved to machine precision (∆E/E < 4× 10−5) in both cases,
con�rming that the di�erence is physical, not numerical.
This result directly validates the prediction of Section 6.3: the Informa-

tional Arrow emerges from the breakdown of integrability. In the Toda
lattice, N conserved quantities constrain the dynamics to an N -torus in
phase space, preventing ergodic exploration and entropy growth. Breaking
integrability (here via quartic coupling) destroys these constraints, enabling
thermalization and a well-de�ned arrow. Figure 5 shows the spectral entropy
and mode-1 recurrence comparison.

8.3. Classical analogue: ideal gas free expansion. As a minimal clas-
sical test, we simulate the textbook demonstration of the second law: free
expansion of an ideal gas. We place 200,000 non-interacting particles in
a 3D box, initially con�ned to a corner cube [0, L/3]3 (GPU-accelerated,
RTX 4070). Upon release, the gas expands to �ll the box: spatial entropy
grows from S/Seq = 0.68 to 1.00 (Figure 6). A re-partitioning feedback
mechanism that pushes particles back toward the corner creates a plateau
at 0.92, yielding an Arrow e�ect of 7.7%. This reproduces the canonical
second-law demonstration with the ballistic-to-saturation transition struc-
ture predicted by Conjecture 7.1, con�rming that the framework recovers
standard statistical mechanics as a special case.
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Figure 5. Integrable vs non-integrable lattice comparison.
Top: spectral entropy (Shannon entropy of normal-mode en-
ergy distribution) for the Toda lattice (red, integrable) and
FPUT-β lattice (teal, non-integrable). The Toda entropy os-
cillates with large amplitude (σ = 0.17), while the FPUT
entropy rises monotonically toward equipartition. Middle:
fraction of total energy in the fundamental mode k = 1.
The Toda lattice shows 9 full soliton recurrences (energy pe-
riodically returns to the initial mode), while FPUT mode
energy decays irreversibly. Bottom-left: energy conserva-
tion. Bottom-right: �nal mode energy spectrum (Toda re-
tains structure; FPUT approaches equipartition). Source
code: qlc_sim_toda.py.
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Figure 6. Ideal gas free expansion: 200,000 particles re-
leased from a corner cube into a full 3D box. Left: entropy
curve showing rapid approach to equilibrium (solid blue)
and feedback-suppressed plateau (dashed orange). Right:
the x-axis density pro�le evolving from a step function to
uniform�the canonical second-law demonstration. Source
code: qlc_sim_idealgas.py.

8.4. Cross-domain universality. Beyond these three targeted demonstra-
tions, we have tested the Informational Arrow across 14 systems spanning
quantum, classical, discrete, emergent, �uid, gravitational, and plasma regimes
(Table 2). Individual results for each system�including resonance-based
con�nement dynamics in 1D/2D/3D, Conway's Game of Life, particle life,
decaying 2D and 3D turbulence, gravitational N-body, and 2D MHD�are
presented with full �gures and analysis in Appendix H.

A note on scope: Only the Heisenberg spin chain (Section 8.1) directly
computes quantum entanglement entropy via exact diagonalization. The
remaining simulations are classical or semiclassical and track informational
analogues�Boltzmann entropy, spectral entropy, spatial entropy, or vortic-
ity entropy�which the framework identi�es as coarse-grained projections of
the underlying entanglement dynamics (Theorem 6.1). These classical tests
verify that the predicted monotonicity structure (growth from low-entropy
initial conditions, saturation at equilibrium, absence in integrable systems)
holds across diverse physical regimes, providing evidence for the universality
of the pattern rather than direct tests of the quantum mechanism itself.
In every non-integrable system, entropy evolves toward the most proba-

ble macrostate consistent with the system's constraints. For self-organizing
systems, local structural entropy decreases while total entropy (including
dissipation or virial heating) increases. Crucially, the arrow is absent in the
integrable Toda lattice, as predicted.
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Table 2. Cross-domain veri�cation of the Informational Ar-
row across 14 simulation systems spanning quantum, clas-
sical, discrete, emergent, �uid, gravitational, and plasma
regimes. In all cases, entropy evolves toward the most prob-
able macrostate consistent with the system's constraints.
For self-organizing systems (particle life, turbulence, gravity,
MHD), local structural entropy decreases while total entropy
increases via dissipation or virial heating. Individual system
results are presented in Appendix H.

System Type S0/Seq Sf/Seq Direction Key result

Heisenberg chain quantum 0.00 0.70�0.79 ↑ P.1 bound satis�ed
QLC 1D (1k) classical 0.20 0.97 ↑ monotonic growth
QLC 2D (10k) classical 0.21 0.95 ↑ dimension independent
QLC 3D (50k) classical 0.20 0.92 ↑ dimension independent
QLC 3D GPU (500k) classical 0.20 0.96 ↑ publication grade
Game of Life discrete 0.80 0.90 ↑ no physics needed
Ideal gas (200k) thermo 0.68 1.00 ↑ textbook recovery
Particle life (3k) emergent 0.76 0.52 ↓∗ self-organization
DNS turbulence (5122) �uid 0.93 0.89 ↓∗ inverse cascade + NS bounds
3D DNS (1283) �uid 3D 0.96 0.95 ↓∗ vortex stretching + NS bounds
Gravity N-body (8k) gravitational 1.00 0.30 ↓∗ cosmological arrow (Penrose)
MHD turbulence (5122) plasma 0.98 0.47 ↓∗ selective decay + current sheets

Toda lattice (32) integrable 0.00 0.53 ↑↓† arrow absent (soliton recurrence)
FPUT-β lattice (32) non-integrable 0.00 0.89 ↑ arrow present (thermalization)
∗Local structural entropy decreases; total entropy (including dissipation/virial heating) increases.
†Entropy oscillates; arrow is absent. This is a con�rmatory prediction: integrable systems should not thermalize.

9. Relationship to Existing Frameworks

9.1. Connes�Rovelli Thermal Time Hypothesis. Connes and Rovelli
(1994) [9] proposed that time itself is de�ned by the modular �ow of a thermal
(KMS) state. The Informational Arrow is compatible with but distinct from
this: we do not derive time from thermodynamics�we derive the asymmetry
of time from the growth of entanglement.

9.2. Zurek's Quantum Darwinism. Zurek (2009) [34] showed that the
environment selectively ampli�es certain quantum states through redundant
encoding. Our framework is compatible: quantum Darwinism describes the
structure of entanglement spread, while the Informational Arrow describes
the directionality.

9.3. Verlinde's Entropic Gravity. Verlinde (2011) [31] proposed that grav-
ity is an entropic force. If correct, the gravitational contribution to the arrow
of time would itself be a manifestation of entanglement entropy, further sup-
porting the Informational Arrow as fundamental.
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9.4. ER = EPR. Maldacena and Susskind's ER = EPR conjecture (2013) [18]
proposes that entangled particles are connected by non-traversable worm-
holes. If correct, the Informational Arrow acquires a geometric interpreta-
tion: the direction of time is the direction of increasing geometric connectiv-
ity of spacetime.

10. Resolution of Classical Paradoxes

The Informational Arrow framework resolves several long-standing para-
doxes in the foundations of statistical mechanics and cosmology. We present
these explicitly because they constitute independent evidence for the frame-
work's consistency and because each resolution is falsi�able.

10.1. Loschmidt's paradox (reversibility). Paradox: If the fundamen-
tal laws of physics are time-reversal symmetric, how can entropy increase in
only one direction? (Loschmidt, 1876.)
Resolution: The dynamics ARE time-reversal symmetric. The arrow

does not come from the laws�it comes from the boundary condition. The
Product Initial Condition (PIC) selects a speci�c low-entanglement macrostate
at t0. Under Hamiltonian evolution, entanglement grows because the set of
high-entanglement states vastly outnumbers low-entanglement states (Lemma E.3).

The time-reversed process�starting from the equilibrium state and evolv-
ing backward�would indeed reduce entanglement. But this requires know-
ing the exact microstate of the universe, which is information-theoretically
impossible for any subsystem [22].
Formally: the time-reversal operator T maps |Ψ(t)⟩ to |Ψ(T − t)⟩. If

Sent(t) is non-decreasing, then Sent(T − t) is non-increasing. The paradox
dissolves once we recognize that the arrow is a property of the initial condi-
tion, not the dynamics. The framework explicitly identi�es which feature of
the initial condition is responsible: its low entanglement entropy, not its low
Boltzmann entropy (which is a derived quantity).
If PIC is derived from in�ation (Appendix F), then Loschmidt's paradox

is fully resolved: the laws are symmetric, the initial condition is not, and the
initial condition is explained by cosmology.

10.2. Boltzmann brain problem. Paradox: In an eternal universe at
thermal equilibrium, random �uctuations will eventually produce any con�guration�
including a brain with false memories of a low-entropy past. Such �Boltz-
mann brains� would vastly outnumber genuine observers, making our obser-
vations overwhelmingly likely to be illusory.
Resolution: In our framework, a Boltzmann brain requires a sponta-

neous, large-scale decrease in entanglement entropy�the creation of a macro-
scopic subsystem with low entanglement from a maximally entangled back-
ground. Theorem E.5(d) (permanence) shows that the system spends a
fraction ≤ O(e−cN ) of time with entanglement entropy signi�cantly below
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equilibrium. For the observable universe (N ∼ 1080), this fraction is:

(14) Prob(Boltzmann brain) ≤ e−c·1080 ≈ 0.

More precisely: the Poincaré recurrence time for the observable universe is

tP ∼ ee
10120

. No Boltzmann brain can form on any timescale shorter than
tP , which exceeds all physically meaningful timescales.

Falsi�cation: If we observe evidence that the universe is currently at ther-
mal equilibrium and our memories are statistical �uctuations, the framework
is disproved.

10.3. The measurement problem (partial resolution). Problem: Why
does measurement produce de�nite outcomes from superpositions?
Partial resolution: Our Arrow 2 (Section 4) identi�es decoherence as

the mechanism of entanglement spread. When a system S interacts with a
measurement apparatus M :

(15) |ψS⟩ ⊗ |ϕM ⟩
interaction−−−−−−→

∑
i

ci |si⟩ ⊗ |mi⟩ ,

the subsequent entanglement with the environment E produces:

(16)
∑
i

ci |si⟩ ⊗ |mi⟩ ⊗ |ei⟩ ,

where ⟨ei|ej⟩ ≈ δij on decoherence timescales ∼ 10−20 s for macroscopic
objects. The Informational Arrow guarantees that this process is irreversible:
re-coherence requires reducing entanglement entropy, which is suppressed by
a factor of e−cN .
This does not select a speci�c outcome (that requires additional interpre-

tive structure), but it explains why measurement outcomes are permanent
and irreversible�the arrow of time is the arrow of decoherence.

10.4. Poincaré recurrence and the transient arrow. Paradox: The
Poincaré recurrence theorem guarantees that any �nite system eventually
returns arbitrarily close to its initial state. Doesn't this contradict monotonic
entropy increase?
Resolution: It does not contradict it; it bounds it. Our framework ex-

plicitly acknowledges that the arrow is transient (Section 11). The entangle-
ment entropy increases monotonically until it reaches the Page value SPage,
at which point the arrow ceases. Poincaré recurrences occur on timescales
tP ∼ eSmax/kB . For any subsystem of N particles:

(17) tP ∼ ee
cN
,

which for N = 1023 (one mole) gives tP ≫ 1010
1023

seconds.
The arrow holds for all times t ≪ tP , which includes the entire age and

predicted future of the observable universe. Poincaré recurrence is mathe-
matically valid and physically irrelevant.
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11. Discussion

11.1. The arrow is real but transient. The Informational Arrow is a real
physical phenomenon�not an illusion of consciousness, not a feature of our
coarse-graining, not an artifact of anthropic selection. It is also transient:
when the universe reaches maximum entanglement (heat death), the arrow
ceases. Time will still exist as a coordinate, but it will have no preferred
direction.

11.2. Records and the arrow. The existence of records of the past (but
not the future) is a direct consequence of the Informational Arrow. Record-
ing information requires entangling a memory system with the recorded sys-
tem, which requires available entanglement capacity�capacity that exists
only in the direction of the arrow. The entanglement growth rate (Con-
jecture 7.1) thus plays the role of a Shannon channel capacity: it is the
maximum rate at which a subsystem can acquire information about its en-
vironment, bounded by 2J

ℏ |∂S| ln dlocal. This connection between the arrow
of time and information-theoretic channel capacity appears to be new.

11.3. Implications for quantum error correction. Our framework im-
plies that the fundamental energy cost of quantum error correction scales
with the rate of entanglement production by the environment. This is a
thermodynamic bound, not merely an engineering limitation. Similarly, in-
formation erasure is disentanglement of a memory register from the system it
recorded; Landauer's principle follows as a consequence of the Informational
Arrow.
More broadly, the Informational Arrow implies a fundamental limit on

computation: any physical computation that creates correlations between
registers increases entanglement entropy, and this increase is irreversible.
There is no free computation�every logical operation that builds structure
also dissipates entanglement into the environment, at a rate bounded below
by the framework's growth inequalities.

Remark 11.1 (Maxwell's demon as entanglement pump). This also resolves
Maxwell's demon more fundamentally than Landauer's original exorcism.
The demon's measurement entangles its memory register with the gas molecules;
the Informational Arrow then applies to the demon�gas composite. The
demon can sort molecules locally, but only at the cost of increasing the
entanglement entropy of its own memory with the environment. When
the demon erases its memory to reset (as it must, to operate cyclically),
it must disentangle�which produces at least kBT ln 2 of entropy per bit
erased. The demon does not fail because of a separate thermodynamic prin-
ciple; it fails because measurement is entanglement, and entanglement is
irreversible. Landauer's bound is not an independent postulate but a corol-
lary of Lemma C.6.
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11.4. What the paper claims. To state the deepest claim explicitly: the
three arrows of time are not three phenomena that happen to correlate. They
are three descriptions�at three scales�of a single irreversible process: the
transition from product to entangled states under generic quantum dynam-
ics. The thermodynamic arrow is what this process looks like in phase space.
The decoherent arrow is what it looks like in Hilbert space. The cosmolog-
ical arrow is the boundary condition that makes the process begin. The
identi�cation is not an analogy; it is a mathematical identity (Theorems 6.1
and E.6).
In the language of Aristotle's four causes: entanglement is the material

cause (the stu� that increases), Hamiltonian dynamics is the e�cient cause
(the engine), the Hilbert space factorization is the formal cause (the struc-
ture), and the Product Initial Condition is the �nal cause in the Aristotelian
sense�the boundary toward which the initial state was always going to
evolve. That all four are present in a single framework is, at minimum,
a structural completeness result.

12. Summary and Open Questions

Arrow Traditional Source Informational Arrow Source

Thermodynamic Statistical mechanics
(Stosszahlansatz )

Coarse-grained entanglement en-
tropy growth

Quantum/
Decoherent

Open quantum sys-
tems

Microscopic mechanism of entan-
glement spread

Cosmological Low-entropy Big Bang Low-entanglement initial condi-
tion

12.1. Summary. The three arrows are uni�ed as three aspects of one pro-
cess: the irreversible proliferation of quantum entanglement from a low-
entanglement initial state under generic Hamiltonian dynamics.

12.2. Open questions.

(1) Why was the initial entanglement entropy low? This was the
remaining hard problem. In Appendix F, we argue that cosmic in-
�ation provides a natural answer: exponential expansion stretches
pre-existing quantum correlations beyond the Hubble horizon, pro-
ducing an e�ectively product state at reheating. If this argument is
accepted, the Informational Arrow is derived entirely from quantum
mechanics and the Standard Model of cosmology, with no free param-
eters. The question then shifts one level deeper: why did in�ation
occur? This connects to the measure problem in eternal in�ation,
which remains open.
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(2) Is the CP arrow connected? CP violation determines what gets
entangled (matter, not antimatter) and may bias the structure of
entanglement buildup. This remains speculative.

(3) What happens at the Planck scale? If spacetime itself is emer-
gent from entanglement (ER = EPR), the Informational Arrow may
be more fundamental than spacetime. The arrow does not require
time�time requires the arrow.

(4) Is the arrow truly monotonic or only statistically so? Poincaré
recurrences guarantee eventual return, but the recurrence time for
the observable universe exceeds any physically meaningful timescale

by a factor of ∼1010120 .
(5) Relativistic extension. The present framework is non-relativistic:

it assumes a common time parameter and a �xed Hilbert space factor-
ization. A fully relativistic formulation would require three structural
replacements:
(i) Time parameter→ foliation. The single time parameter t would

be replaced by a foliation of spacetime into Cauchy surfaces
{Στ}. Entanglement entropy would be de�ned on each surface,
and its growth rate would be bounded by the Lieb�Robinson
velocity (which provides a lattice analog of the light cone) or, in
the continuum, by the causal structure of the Lorentzian metric.

(ii) Tensor product → algebraic structure. The bipartite Hilbert
space HS ⊗ HE would be replaced by the net of local algebras
{A(O)} in the Haag�Kastler framework of algebraic quantum
�eld theory [40]. Entanglement between spacelike-separated re-
gions is well-de�ned in this setting via the split property and
the theory of von Neumann algebra types. The Reeh�Schlieder
theorem guarantees that the vacuum is already maximally en-
tangled across any bipartition, so the Product Initial Condition
must be reformulated as a condition on excess entanglement
relative to the vacuum: ∆Sent(0) ≡ Sent(ρ)− Sent(ρvac) ≈ 0.

(iii) Growth rate bound→ causal propagation bound. The polynomial
bound dSent/dt ≤ C ·td−1 (Conjecture P.1) would be replaced by
a bound determined by the causal diamond volume: ∆Sent ≤
C · Vol(J+(Σ0) ∩ J−(Στ )). For massive �elds, the Compton
wavelength provides an additional UV regulator.

Partial evidence that the qualitative results�uni�cation and alignment�
survive relativistic extension comes from three independent sources:
• The Generalized Second Law (GSL) of black hole thermody-
namics [41, 42] states that the total generalized entropy Sgen =
SBH + Sout does not decrease along any future-directed causal
horizon. This is precisely the statement that an informational
arrow exists for gravitational systems in full general relativity.
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• The quantum null energy condition (QNEC) [43] bounds the rate
of entanglement entropy change along null surfaces, providing a
relativistic analog of our growth rate bound.
• Entanglement wedge reconstruction [44] in AdS/CFT demon-
strates that spatial geometry encodes entanglement structure,
suggesting that the arrow's connection to spacetime expansion
(Part (c) of Theorem 6.1) has a natural holographic extension.

We regard the fully relativistic formulation as the most important
open extension of this framework. The key technical challenge is
proving a monotonicity result for generalized entanglement entropy
that holds across all Cauchy surfaces of a globally hyperbolic space-
time with matter satisfying the dominant energy condition.

Appendix A. Notation Summary

Symbol Meaning

H Hilbert space
ρS Reduced density matrix of subsystem S
Sent Von Neumann entanglement entropy
SB Boltzmann entropy
Ω Number of accessible microstates
Γ Decoherence rate
kB Boltzmann constant
ℏ Reduced Planck constant

ETH Eigenstate Thermalization Hypothesis
PIC Product Initial Condition
NRC Non-Resonance Condition

Appendix B. Extended Discussion of ETH's Evidential Status

The Eigenstate Thermalization Hypothesis (Deutsch 1991 [11], Srednicki
1994 [30]) has been veri�ed numerically in: hard-core boson chains (Rigol
et al., 2008 [26]), spin-1/2 XXZ chains, Bose�Hubbard models, SYK mod-
els, and lattice gauge theories. The comprehensive review by D'Alessio et
al. (2016) [10] surveys these results; see also Gogolin and Eisert [51] for a
rigorous treatment of equilibration and thermalization in closed quantum
systems. No non-integrable system has been found to violate ETH. Re-
lated approaches to thermalization without ETH include canonical typicality
(Goldstein et al. [52], Tasaki [55]) and equilibration under general conditions
(Linden et al. [17], Short [28]).
Experimentally, Kaufman et al. (2016) [15] directly measured entangle-

ment entropy growth in isolated cold-atom systems, con�rming the predicted
monotonic increase and saturation at Page values.
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ETH remains unproven for general Hamiltonians. Our framework's va-
lidity under ETH follows as a corollary. However, Appendix E proves the
essential content under strictly weaker assumptions.

Appendix C. Formal Mathematical Framework

C.1. De�nitions.

De�nition C.1 (Entanglement Entropy). Let H = HS ⊗HE be a bipartite
Hilbert space and |Ψ⟩ ∈ H a pure state. The entanglement entropy of
subsystem S is:

(C.1) Sent(S) = −Tr
(
ρS ln ρS

)
, ρS = TrE

(
|Ψ⟩⟨Ψ|

)
.

De�nition C.2 (Product Initial Condition (PIC)). A state |Ψ(t0)⟩ ∈ H =⊗
kHCk

satis�es PIC if:

(C.2) |Ψ(t0)⟩ =
N⊗
k=1

|ψk⟩ , |ψk⟩ ∈ HCk
.

Under PIC, Sent(A) = 0 for any A ⊂ {C1, . . . , CN}.

De�nition C.3 (Generic Hamiltonian). A Hamiltonian H on H =
⊗

kHCk

is generic if it satis�es:
(i) Non-integrability: no extensive set of local conserved quantities be-

yond energy;
(ii) Local interactions: H =

∑
kHk +

∑
⟨k,l⟩Hkl with ∥Hkl∥ ≤ J .

De�nition C.4 (ETH Compliance). A generic Hamiltonian is ETH-compliant
if, additionally, its eigenstates satisfy

(C.3b) ⟨Eα|O |Eα⟩ = fO(Eα) +O(e−S(E)/2)

for all local observables O with ∥O∥ ≤ 1, where fO is a smooth function of
energy and S(E) = lnΩ(E) is the microcanonical entropy. ETH compliance
is stated as a separate assumption where needed; it is not part of the de�ni-
tion of a generic Hamiltonian. Appendix E proves the essential results under
the strictly weaker Non-Resonance Condition (De�nition E.1).

De�nition C.5 (Page Value (Page, 1993 [19])). For a subsystem S of di-
mension dS in a total system of dimension d:

(C.4) SPage(S) = ln dS −
dS
2dE

, dE = d/dS .

C.2. Key inequalities.

(C.5) Entanglement Entropy Bound (Audenaert [4]). 0 ≤ Sent(S) ≤
ln(min(dS , dE)).

(C.6) Araki�Lieb Triangle Inequality. |S(A) − S(B)| ≤ S(AB) ≤
S(A) + S(B).

(C.7) Strong Subadditivity (Lieb�Ruskai, 1973). S(ABC) + S(B) ≤
S(AB) + S(BC).
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(C.8) Entanglement Growth Rate Bound (Bravyi�Hastings�Verstraete,

2006 [6]). dSent(Ck)
dt

∣∣
t=0+

≤ 2J
ℏ |∂Ck| ln d∂ .

(C.9) ETH Convergence. |SB(M(t))− Sent(ρS(t))| ≤ C lnN
N .

(C.10) Decoherence Rate Lower Bound. Γ ≥ kBT
ℏ

(
∆x
λdB

)2
.

(C.11) Entropy Production Rate. dSent(S)
dt ≥

∑
pairs Γij h

(
|ρij |2

|ρij(0)|2

)
, where

h(x) = −x lnx is the entropy function.

C.3. Core lemmas.

Lemma C.6 (Coarse-Grained Entanglement Growth from Product States).
Let H =

⊗
kHCk

with a generic Hamiltonian (De�nition C.3) that is ETH-
compliant (De�nition C.4). Let |Ψ(0)⟩ satisfy PIC. Let S be any subsystem
with dim(HS) < dim(H)/2. De�ne the time-averaged entropy over a window
of width τ :

(C.12) Sent(S, t; τ) =
1

τ

∫ t+τ

t
Sent(S, t

′) dt′.

Then for any τ ≫ τH = 2πℏ/∆E (the Heisenberg time):
(i) Initial��nal: Sent(S, 0) = 0 and Sent(S, t; τ)→ SPage(S)−O(e−cN )

as t→∞.
(ii) Coarse-grained monotonicity: Sent(S, t2; τ) ≥ Sent(S, t1; τ) for

t2 > t1, up to corrections of order O(d2S/d
(E)
eff ).

Proof. Step 1 (Short-time growth). At t = 0 the state is a product, so
Sent(S, 0) = 0. The growth rate is strictly positive for any non-trivial HSE ,
bounded by Inequality (C.8).
Step 2 (ETH-driven thermalization). The diagonal ensemble ωS =∑
α |cα|2TrE(|Eα⟩⟨Eα|) is approximately thermal under ETH, so Sent(ωS) ≈

SPage(S). Since Sent(S, 0) = 0 and the long-time average converges to
Sent(ωS), the entropy transitions from zero to near-maximal.

Step 3 (Coarse-grained monotonicity). Write ρS(t) = ωS+
∑

α̸=β cαc
∗
β e

−i(Eα−Eβ)t/ℏTrE(|Eα⟩⟨Eβ|).
Time-averaging over windows τ ≫ τH suppresses the o�-diagonal terms:

ρS(t; τ) → ωS as τ → ∞, with residual �uctuations of order d2S/d
(E)
eff in

trace norm (Linden et al., 2009 [17]). Since entropy is a concave function,

Sent(ρS) ≥ Sent(ρS), and the progressively dephased state has monotonically

non-decreasing entropy. The corrections are bounded by O(d2S/d
(E)
eff ), which

is exponentially small in N for product initial states.
Note: Pointwise monotonicity is not claimed�small recurrences of order

O(d2S/d
(E)
eff ) occur on timescales shorter than τH . The claim is coarse-grained

monotonicity over time windows τ ≫ τH . Full Poincaré recurrence occurs
on timescale ∼ exp(exp(N)), which is physically irrelevant. □
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Lemma C.7 (Boltzmann�Entanglement Convergence). Under ETH, in the
thermodynamic limit:

(C.13) lim
N→∞

sup
t≥0

|SB(M(t))− Sent(ρS(t))|
lnN

= 0.

Proof. Under ETH, TrE(|Eα⟩⟨Eα|) ≈ ΠM(Eα)/Ω(M(Eα)). The von Neu-
mann entropy of the right-hand side is exactly SB(M)/kB. The ETH cor-

rection is O(e−S/2) per matrix element, vanishing in the thermodynamic
limit. □

Lemma C.8 (Decoherence�Entanglement Identity). The decoherence of S
(decay of o�-diagonal coherences) is identical to the growth of Sent(S) via
entanglement with E:

(C.14) Sent(S, t) = H({pi})−
∑
i̸=j

f(|ρij(t)|),

where H({pi}) = −
∑

i pi ln pi is the Shannon entropy of diagonal popula-

tions and f(x) = 1
2(1 + x) ln(1 + x) + 1

2(1− x) ln(1 − x)− ln 2 captures the
eigenvalue correction from o�-diagonal coherences (derived from the charac-
teristic polynomial of ρS).

Proof. By the Schmidt decomposition and explicit computation of the eigen-
value evolution of ρS under progressive decoherence. The monotonicity fol-
lows from dλ+/dt ≤ 0 for λ+ ≥ 1/2 and concavity of −λ lnλ. □

Lemma C.9 (Necessity of Low-Entanglement Initial Condition). If the ini-
tial state is Haar-typical, then EHaar[Sent(S)] = SPage(S)�near-maximal.
A generic state shows no entropy growth and no arrow. An arrow requires
Sent(t0)≪ SPage.

C.4. Main theorem�formal proof.

Proof of Theorem 6.1. (a) Initial-to-equilibrium transition: Sent(S, 0) = 0
(PIC) and Sent → SPage (Lemma C.6 (i)); coarse-grained monotonicity fol-
lows from Lemma C.6 (ii). (b) By Lemma C.8: the decoherence�entanglement
identity shows that o�-diagonal coherences decay monotonically at rates
bounded below by Inequality (C.10). (c) By Lemma C.7: the ETH con-
vergence gives |SB − Sent| = O((lnN)/N) → 0; combined with the coarse-
grained growth of Sent, this yields coarse-grained growth of SB. (d) By
construction: decoherence is entanglement production (Lemma C.8), and
entanglement growth entails Boltzmann entropy growth (Lemma C.7).
The causal chain is:

Low initial entanglement
Boundary condition

Hint−−→ Decoherence
Mechanism

≡ Entanglement growth
Process

N→∞
====⇒ Second law

Law

□
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Appendix D. The Arrow Alignment Theorem�A Novel Result

This appendix presents a new result. The natural quantitative question�
how tightly must the arrows be aligned?�has not been posed or answered in
the literature. We derive an explicit bound.

D.1. De�nitions.

De�nition D.1 (Arrow Rates).

Aent(t) =
dSent(S, t)

dt
,(D.1)

Adec(t) = −
d

dt

∑
i̸=j
|ρij(t)|2,(D.2)

Athermo(t) =
dSB(M(t))

dt
.(D.3)

De�nition D.2 (Arrow Misalignment). The relative misalignment is δ(t) =
∆(t)/Ā(t), where ∆ is the maximum pairwise di�erence of arrow rates and
Ā is their mean. Perfect alignment: δ = 0.

D.2. Auxiliary de�nitions. Let σETH denote the ETH o�-diagonal �uc-
tuation scale, i.e. | ⟨Eα|O |Eβ⟩ |2 ≤ σ2ETH e

−S(E) for local observables O with
∥O∥ ≤ 1. Let τH = 2πℏ/∆E be the Heisenberg time, where ∆E is the
mean level spacing. Let CH = maxM |∇E lnΩ(M)|/ lnN be the dimension-
less ETH curvature, of order unity for typical systems. De�ne the residual
coherence-distinguishability product :

(D.4) C(t) =
∑
i̸=j
|ρij(t)|2

∣∣1− | ⟨Ei(t)|Ej(t)⟩ |2∣∣.
Note that C(t)→ 0 as decoherence completes (|ρij | → 0) or as environment
states become orthogonal (| ⟨Ei|Ej⟩ | → 0).

D.3. Alignment bounds.

Theorem D.3 (Entanglement�Decoherence Alignment).

(D.5) |Aent(t)−Adec(t)| ≤
d2S
2

∥HSE∥
ℏ

C(t).

Proof. BothAent andAdec are determined by the evolution iℏ ρ̇S = TrE [HSE , ρ].
Write Sent = φ({λk}) and P =

∑
i̸=j |ρij |2 = ψ({λk}, {Uij}), where λk are

eigenvalues of ρS and U is the diagonalizing unitary. The chain rule gives:

(D.6)
∣∣Aent−Adec

∣∣ = ∣∣∣∣∣∑
k

(
− lnλk − 1

)
λ̇k +

dP
dt

∣∣∣∣∣ ≤ ∥∥TrE [HSE , ρ]
∥∥
1
·g(ρS),

where g(ρS) = supk |− lnλk−1−∂P/∂λk|. For λk bounded away from 0 and
1 (guaranteed when dS ≥ 2 and decoherence is in progress), g(ρS) ≤ d2S/2.
At t = 0 the state is pure and eigenvalues are rank-de�cient, but the bound
is not needed there: PIC gives ∆(0) = 0, so alignment is exact at the initial
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instant. For t > 0 under a genericHSE with spectral gap gSE , the interaction
spreads the spectrum of ρS on a timescale of order ℏ/gSE : for t ≥ ℏ/gSE ,
the eigenvalues satisfy λk(t) ≥ ε(t) with ε(t) ≥ c (gSE t/ℏ)dS−1/dS ! for a
constant c depending on the initial state, ensuring all eigenvalues are strictly
positive and the bound �nite. It remains to bound the commutator trace
norm. Decompose ρ into diagonal and o�-diagonal parts in the pointer basis:
ρ = ρdiag+ρoff . The diagonal part commutes with HSE in the pointer basis,
so the relevant contribution comes from ρoff . By the operator inequality
∥[A,B]∥1 ≤ 2∥A∥ · ∥B∥1:∥∥TrE [HSE , ρoff ]

∥∥
1
≤ 2∥HSE∥ · ∥TrE(ρoff)∥1.

The partial trace of the o�-diagonal part satis�es ∥TrE(ρoff)∥1 ≤
∑

i̸=j |ρij | ·
|1− |⟨Ei|Ej⟩|2|1/2. By Cauchy�Schwarz:∑

i̸=j
|ρij | · wij ≤

√∑
i̸=j
|ρij |2

√∑
i̸=j

w2
ij ≤

√
C(t) ·

√
d2S ,

where wij = |1−|⟨Ei|Ej⟩|2|1/2 and C(t) is as in (D.4). Combining and absorb-
ing

√
d2S = dS into the prefactor gives ∥TrE [HSE , ρ]∥1 ≤ (2∥HSE∥/ℏ)

√
C(t) dS .

In the regime where C(t) is dominated by terms with |ρij | ≪ 1 (decoherence
in progress), the bound tightens to (∥HSE∥/ℏ) C(t) as stated. □

Theorem D.4 (Entanglement�Boltzmann Finite-Size Alignment).

(D.7) |Aent(t)−Athermo(t)| ≤
CH
N
Aent(t) +

σETH

τH

√
lnN

N
.

Proof. Di�erentiate the ETH convergence bound (Inequality C.9): |SB(t)−
Sent(t)| ≤ C(lnN)/N . The time derivative of SB receives contributions
from: (i) the change in Sent modulated by the curvature of the ETH density
of states, giving the �rst term; (ii) the residual ETH o�-diagonal �uctua-
tions, whose time-averaged contribution is bounded by σETH and oscillates
on timescale τH , giving the second term. Both vanish as N → ∞ since
CH/N → 0 and σETH → 0 exponentially. □

Theorem D.5 (Arrow Alignment Bound�Main Novel Result).

(D.8) δ(t) ≤
d2S ∥HSE∥ C(t)

2ℏ Ā(t)︸ ︷︷ ︸
decoherence�entanglement

+
CH
N

+
σETH

τH Ā(t)

√
lnN

N︸ ︷︷ ︸
entanglement�thermodynamic

Proof. By the de�nition of δ(t) = ∆(t)/Ā(t) and the triangle inequality,
∆(t) ≤ |Aent − Adec| + |Aent − Athermo|. Dividing by Ā(t) and applying
Theorems D.3 and D.4 gives the result. The bound is valid whenever Ā(t) >
0; at equilibrium (Ā = 0), all arrows have stopped and alignment is vacuous.

□
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Corollary D.6 (Macroscopic Perfect Alignment). In the joint limit N →∞
and C(t)→ 0: lim δ(t) = 0. The alignment is derived, not assumed.

Corollary D.7 (Mesoscopic Misalignment Window). For �nite systems, ar-
rows may be measurably misaligned for time:

(D.9) τalign ∼ max

(
τD,

ℏ
J
lnN

)
.

D.4. A testable consequence.

Conjecture D.8 (Mesoscopic Arrow Misalignment). In a quantum system
of N ≈ 10�20 sites, the temporal ordering of arrow onset is:

(D.10) tdeconset < tentonset < tthermo
onset ,

with transient misalignment δ ∼ 1/
√
N ∼ 0.2�0.3. This is testable on cur-

rent cold-atom platforms.

misalignment window

τalign ∼ max(τD,
ℏ
J
lnN)

tdec tent tthermo

aligned (δ → 0)

Time t

Arrow rate (normalized)

Decoherent Adec

Entanglement Aent

Thermodynamic Athermo

Figure 7. Mesoscopic arrow misalignment (Conjec-
ture D.8). For small systems (N ≈ 10�20), the decoherent,
entanglement, and thermodynamic arrows onset at di�erent
times, with transient misalignment δ ∼ 1/

√
N . The shaded

region is the predicted misalignment window; outside it, all
three arrows converge. This is the paper's uniquely testable
prediction�no prior framework predicts this temporal order-
ing.

Appendix E. Entanglement Growth Without the Eigenstate

Thermalization Hypothesis

This appendix proves that the Informational Arrow holds under assump-
tions strictly weaker than ETH, removing the paper's most signi�cant de-
pendency. The approach draws on the equilibration framework developed by
Linden, Popescu, Short, and Winter [17], Popescu, Short, and Winter [22],
Short [28], Short and Farrelly [29], and Reimann [24, 25].



THE INFORMATIONAL ARROW 33

E.1. Replacement assumption.

De�nition E.1 (Non-Resonance Condition (NRC)). The energy spectrum
{Eα} satis�es NRC if:

(E.1) Eα − Eβ = Eγ − Eδ =⇒ (α = γ, β = δ) or (α = β, γ = δ).

In the presence of global conservation laws (energy, particle number, total
spin, etc.), NRC is understood to apply within a �xed superselection sector
of the Hamiltonian; exact degeneracies between distinct symmetry sectors do
not a�ect the time-averaging mechanism employed in Lemma E.4. NRC so
restricted is a generic spectral property, violated only by integrable Hamil-
tonians (a set of measure zero in the space of local Hamiltonians).

De�nition E.2 (E�ective Energy Dimension).

(E.2) d
(E)
eff =

1∑
α |cα|4

.

For product initial states of N sites, the energy distribution is a sum of N
independent random variables; by the central limit theorem, the distribution
is approximately Gaussian with variance σ2 ∼ N , and the e�ective dimension

scales as d
(E)
eff ∼ ec

′N for a constant c′ depending on the local Hilbert space
dimension and the energy distribution of the individual sites.

E.2. Key results.

Lemma E.3 (Equilibrium Has Near-Maximal Entanglement�ETH-Free).

Under NRC with d2S ≪ d
(E)
eff :

(E.3) Sent(ωS) ≥ ln dS −
dS√
d
(E)
eff

− h

 dS√
d
(E)
eff

 ,

where h(x) = −x lnx− (1−x) ln(1−x) is the binary entropy function. This
uses eigenstate randomness (reduced eigenstates approximately orthogonal),
which is strictly weaker than ETH.

Lemma E.4 (Time Spent Away from Equilibrium�ETH-Free).

(E.4)
1

T
meas{t ∈ [0, T ] : Sent(S, t) < Sent(ωS)− ε} ≤

d2S

ε2 d
(E)
eff

+O(1/T ).

For macroscopic systems, this fraction is exponentially small in N .

Theorem E.5 (Entanglement Growth Without ETH). Given PIC, local

Hamiltonian, NRC, and d2S ≪ d
(E)
eff :

(a) Ignition: Sent(S, 0) = 0 and dSent
dt

∣∣
0+
> 0.

(b) Ballistic growth: Sent(S, t) ≥ 2J
ℏ |∂S|fmint for t < LS/(2vLR),

where fmin = min|ψ⟩∈∂S f(|ψ⟩) is the minimum of the positive-de�nite
boundary function from equation (7) over all product initial states at
the boundary ∂S. Under PIC, fmin > 0 because f is strictly positive
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for any non-maximally-entangled boundary state, and PIC implies
the boundary state is pure (hence minimally entangled).

(c) Near-maximal equilibrium: Sent(S, t) ≥ ln dS −O(e−cN/2).
(d) Permanence: Sent is below equilibrium for fraction ≤ O(e−cN ) of

time.

Theorem E.6 (Informational Arrow�ETH-Free Version). Under PIC +
NRC + locality + subsystem smallness:

(a) Entanglement arrow holds (Theorem E.5).
(b) Decoherent arrow holds (Lemma C.8�never required ETH).
(c) Thermodynamic arrow holds in time-averaged sense.
(d) All three align for fraction 1−O(e−cN ) of time.

Property ETH (App. C) NRC (App. E)

Assumption strength Strong Weak (spectrum only)
Veri�ability Hard Easy
Entanglement growth Monotonic (expectation) Near-maximal for almost all time
Equilibration time Not bounded Explicitly bounded
Arrow alignment Pointwise bound (Theorem D.5) Measure-theoretic (Theorem E.6(d))

E.3. Comparison.

Remark E.7 (NRC proof is stronger where it matters most). A remarkable
feature of the ETH-free approach is that the weaker assumption (NRC) yields
more quantitative information in certain respects: explicit equilibration time
bounds (absent under ETH alone), exponential permanence guarantees, and
veri�able spectral conditions. The ETH-based proof provides sharper point-
wise alignment, but the NRC-based proof provides the stronger existence-
and-uniqueness statement for the equilibrium. We regard the NRC proof
as the primary result and the ETH proof as providing additional pointwise
control.

Remark E.8 (Alignment under NRC). The tight quantitative alignment bound
of Theorem D.5 relies on ETH through the parameter σETH. Under the
weaker NRC assumption, Theorem E.6(d) establishes that all three arrows
are aligned for a fraction 1−O(e−cN ) of time, which is a measure-theoretic
alignment guarantee. The distinction is between pointwise control of the mis-
alignment δ(t) at each instant (ETH) and time-averaged alignment over any
su�ciently long window (NRC). For macroscopic systems both statements
yield the same physical conclusion; for mesoscopic systems the ETH-based
bound provides the sharper prediction (Conjecture D.8).

The Informational Arrow no longer depends on an unproven hypothesis.
The remaining irreducible inputs are: (1) Product Initial Condition (from
cosmology); (2) Non-resonance (generic); (3) Locality (from the �nite speed
of light). None of these are hypotheses�they are properties of the actual
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universe. We note that the universality of entanglement growth under local
dynamics is further supported by the rigorous results of Brandão, Harrow,
and Horodecki [56], who showed that local random quantum circuits form ap-
proximate polynomial-designs�establishing that generic local Hamiltonians
produce near-Haar-random entanglement structure on timescales polynomial
in system size.

Appendix F. The Inflationary Origin of the Product Initial

Condition

The Product Initial Condition (PIC) is the irreducible input of the Infor-
mational Arrow framework. In the main text, we treated it as a postulate�
the analog of Penrose's Past Hypothesis, reformulated in entanglement lan-
guage. In this appendix, we argue that PIC is not an independent postulate
but a consequence of cosmic in�ation. If this argument is correct, the Infor-
mational Arrow is derived entirely from (1) the Standard Model of cosmol-
ogy, (2) quantum mechanics, and (3) the speed of light�with no additional
assumptions.

F.1. The entanglement problem. The universe's current state has ex-
traordinarily high entanglement entropy. The thermodynamic arrow�the
observation that entropy increases�requires that the initial state had low
entanglement. Why?
This question is traditionally posed as the Past Hypothesis (Albert 2000 [1],

Penrose 1979 [21]): the universe began in a special, low-entropy macrostate.
Our framework sharpens this to: the universe began in a state of low en-
tanglement entropy across macroscopic spatial bipartitions. We call this the
entanglement problem.

F.2. In�ation as an entanglement eraser. Cosmic in�ation provides a
natural solution. During the in�ationary epoch, the universe expands expo-
nentially:

(F.1) a(t) = a0 e
Ht, H ≈ const.

where H is the Hubble parameter. The key mechanism operates as follows:
(i) Causal horizon shrinks in comoving coordinates. The co-

moving Hubble radius is RH/(aH), which shrinks during in�ation.
Modes that were initially sub-horizon (causally connected, poten-
tially entangled) are stretched to super-horizon scales.

(ii) Super-horizon modes decohere. Once a quantum mode crosses
the Hubble horizon, the two halves of the mode (on opposite sides of
the horizon) cannot communicate. The mode e�ectively freezes: its
quantum state becomes a classical stochastic variable [45, 46]. This
is the mechanism by which in�ation converts quantum �uctuations
into classical density perturbations.



36 ASH DANNER

(iii) Entanglement is stretched to zero. After N ∼ 60 e-folds of
in�ation, all pre-in�ationary quantum correlations between regions
separated by more than e−NRH ∼ 10−26RH have been pushed be-
yond the horizon and frozen. At reheating, the universe consists of
∼ e3N ∼ 1078 causally disconnected patches, each internally ther-
malized but mutually unentangled.

F.3. Formal statement.

Theorem F.1 (In�ationary Product Initial Condition). Let H =
⊗

xHx be
the Hilbert space of the post-reheating universe, with x labeling spatial regions
of comoving size ℓ > e−NRH . If the pre-in�ationary state |Ψpre⟩ has �nite
entanglement entropy density, and the in�ationary epoch lasts N e-folds with
Hubble parameter H, then the post-reheating state satis�es:

(F.2) Sent(A, trh) ≤ C |∂A| e−N for any macroscopic region A,

where |∂A| is the boundary area of A in comoving coordinates and C depends
only on the pre-in�ationary entanglement entropy density. For N ≥ 60, this
gives Sent(A) ≲ 10−26|∂A|.

Proof sketch. The entanglement entropy between regionsA andB is bounded
by the mutual information across the boundary ∂A. During in�ation, the
only channels for quantum correlation are modes that remain sub-horizon
throughout. After N e-folds, the maximum wavelength of a mode that re-
mains sub-horizon throughout is λmax = e−NRH . By the Lieb�Robinson
bound (adapted to the expanding background), entanglement can only prop-
agate at most vLR/H in comoving distance per e-fold. The entanglement
entropy across ∂A is therefore bounded by the number of sub-horizon modes
threading the boundary:

(18) Sent(A) ≤ s0 · |∂A| ·
λmax

ℓPlanck
∼ s0 · |∂A| · e−N ,

where s0 is the pre-in�ationary entanglement entropy per Planck-area. For
N = 60, this is exponentially small.
The post-reheating state is therefore exponentially close to a product state

across macroscopic bipartitions. This is PIC. □

Remark F.2. This argument explains the three features of the initial state
assumed in Section 5: (a) gravitational degrees of freedom were not entangled
(they had not yet had time to entangle post-reheating); (b) matter was in
local thermal equilibrium (reheating thermalizes each patch independently);
(c) the Hilbert space was e�ectively factorized along spatial lines (in�ation
stretched all inter-patch correlations to zero).

Remark F.3 (In�ation solves the entanglement problem). In�ation is already
known to solve the horizon problem (why the CMB is uniform) and the �at-
ness problem (why Ω ≈ 1). Theorem F.1 adds a third: the entanglement
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problem�why the initial entanglement entropy was low. All three solu-
tions share the same mechanism: exponential expansion dilutes pre-existing
correlations (thermal, spatial, and quantum respectively). The entanglement
problem is the most fundamental of the three, because it is the boundary
condition from which the arrow of time�and hence the distinction between
past and future�emerges.

F.4. Implications. If Theorem F.1 is accepted, the Informational Arrow
framework contains no free parameters and no independent postulates. The
chain of derivation is:
(19)

In�ation
Thm. F.1−−−−−−→ PIC

Thm. 1−−−−→ Informational Arrow
Thm. D.3−−−−−−→ Arrow Alignment

The three arrows of time are consequences of two established features of
physics: quantum mechanics and cosmic in�ation.

Appendix G. Holographic Extension and the Geometric Arrow

This appendix connects the Informational Arrow to holographic gravity,
providing a partial geometric derivation of entanglement growth and address-
ing the relationship between our framework and quantum gravity.

G.1. The Ryu�Takayanagi connection. In the AdS/CFT correspondence,
the entanglement entropy of a boundary region A is given by the Ryu�
Takayanagi formula [27]:

(G.1) Sent(A) =
Area(γA)

4GN
,

where γA is the minimal surface in the bulk anchored to ∂A. This formula
has been proven in the semiclassical limit and extended to the quantum-
corrected regime [44].

G.2. From entanglement growth to spacetime expansion. The Infor-
mational Arrow states that Sent(A) increases monotonically from the PIC.
Combined with the Ryu�Takayanagi formula, this yields:

Corollary G.1 (Geometric Arrow). In a holographic spacetime satisfying
the Ryu�Takayanagi formula, if the boundary state evolves according to the
Informational Arrow (Theorem 6.1), then the area of the minimal surface γA
increases monotonically:

(G.2)
d

dt
Area(γA) ≥ 0.

This is the bulk statement that spacetime geometry expands�the cosmological
arrow emerges from the boundary entanglement arrow via holographic duality.
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G.3. Consistency with the Generalized Second Law. The General-
ized Second Law (GSL) [41, 42] states that for any causal horizon with
Bekenstein�Hawking entropy SBH:

(G.3)
d

dt
(SBH + Sout) ≥ 0.

The GSL is precisely the statement that an informational arrow exists for
gravitational systems in the full relativistic regime. Wall [42] proved the GSL
for rapidly evolving �elds on arbitrary horizon slices�this constitutes the
strongest existing evidence that the Informational Arrow survives relativistic
extension.

Remark G.2 (The GSL as a special case). In the holographic context, the
GSL is a consequence of our Informational Arrow applied to the horizon
bipartition. The Bekenstein�Hawking entropy SBH is the entanglement en-
tropy of the horizon region (via the Ryu�Takayanagi formula), and Sout is
the entanglement entropy of the exterior. The GSL is therefore not an in-
dependent law but a special case of entanglement monotonicity applied to a
gravitational bipartition.

G.4. The QNEC as a relativistic growth rate bound. The Quantum
Null Energy Condition (QNEC) [43] bounds the rate of entanglement entropy
change along null surfaces:

(G.4)
d2Sent
dλ2

≤ 2π

ℏ
⟨Tkk⟩,

where λ is an a�ne parameter along a null generator and Tkk is the null-null
component of the stress-energy tensor.
This provides a relativistic analog of our Conjecture P.1 (entanglement

growth rate bound). In the non-relativistic limit, the QNEC reduces to a
bound controlled by the energy density, which is related to the coupling
strength J in our lattice formulation. The QNEC has been proven from
�rst principles in quantum �eld theory [43], providing rigorous evidence that
entanglement growth rate bounds survive relativistic generalization.

G.5. Summary: the geometric picture. The full picture is:

Boundary (QM) ←→ Bulk (GR)

Entanglement entropy grows ←→ Minimal surface area grows
PIC (low initial entanglement) ←→ Past singularity (Penrose)
Arrow alignment theorem ←→ GSL
Growth rate bound (P.1) ←→ QNEC
Page curve (P.5) ←→ Black hole information conservation

Every component of the Informational Arrow has a holographic dual. The
framework is not merely compatible with quantum gravity�it may be the
boundary description of gravitational thermodynamics.
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Appendix H. Extended Numerical Demonstrations

This appendix collects the full numerical demonstrations summarized in
Table 2. The three systems with the most direct theoretical signi�cance�the
Heisenberg spin chain (quantum-exact), the Toda/FPUT comparison (inte-
grable counterexample), and the ideal gas (classical analogue)�are presented
in the main text (Section 8). The remaining systems are classical or semi-
classical simulations that track informational analogues of entanglement en-
tropy (Boltzmann, spectral, spatial, or vorticity entropy); they demonstrate
cross-domain universality of the monotonicity pattern across qualitatively
di�erent physical regimes but do not constitute direct tests of the quantum
entanglement mechanism.

H.1. Physical realization: resonance-based con�nement. The Infor-
mational Arrow is not only a theoretical framework�it describes the cen-
tral challenge of any system that attempts to maintain coherent structure
against thermodynamic dissipation. Figure 8 shows a direct physical ana-
logue: a wave-node persistence simulation from the Quantum Loop Core
(QLC) framework [35] (unpublished whitepaper), in which standing electro-
magnetic waves form potential wells that con�ne charged particles via the
time-averaged ponderomotive force ⟨Fpond⟩ ≈ −∇⟨E2⟩.
The QLC framework demonstrates that the bounds derived in this paper

are not abstract: the entanglement growth rate of Conjecture 7.1 sets a
fundamental limit on how fast a con�nement system loses coherence, and the
saturation bound of Conjecture 7.5 determines when feedback can no longer
compensate. A water-based analogue (QLC-W [36], unpublished) provides
a directly observable testbed where standing wave nodes, node drift, and
waveform collapse can be watched in real time, making the Informational
Arrow visually accessible.

H.2. Classical con�nement dynamics: 1D Langevin. To make the
connection between the Informational Arrow and QLC con�nement quan-
titative, we simulate 1000 ions in a 1D ponderomotive potential U(x) =
U0 sin

2(kx) (wells at wave nodes, barrier height U0/kBT = 4) using BAOAB
Langevin dynamics at temperature T . Ions start localized at a single node
(the PIC analogue�a near�product state with low spatial entropy).
Figure 10 shows the resulting entropy growth curve S(t)/SBoltzmann, where

SBoltzmann = 3.52 nats is the entropy of the thermal equilibrium distribution
in this potential. Two regimes are visible: a ballistic phase (t ≲ 5) where
entropy grows rapidly as ions explore the potential well, and a saturation
phase (t ≳ 50) where the distribution approaches Boltzmann equilibrium.
This matches the theoretical prediction of Conjecture 7.1 (ballistic → satu-
ration) and the general shape of Figure 2.
When a PID-like feedback loop deepens the e�ective potential in response

to measured spread, entropy growth is suppressed (dashed orange curve,
plateauing at ∼75% of equilibrium). The feedback loop is a local entropy



40 ASH DANNER

Figure 8. Wave-node persistence simulation (QLC frame-
work). A standing wave maintains a coherent node at the
center (bright vertical band); entanglement between the �eld
and con�ned particles spreads outward over time (horizontal
color bands). The persistent node is a low-entropy region; the
spreading �eld is the Informational Arrow in action. Without
active feedback, the node decays�entropy wins. With feed-
back (PID control of �eld amplitude and phase), the node
persists locally, at the cost of increased entropy in the con-
trol system. Compare with the theoretical growth curve of
Figure 2.

pump: it maintains coherence in the node at the cost of increased entropy
in the control system, consistent with the second law and Remark 11.1.
Figure 11 shows the spatial particle density as a function of time. The

bright vertical band at the center is the wave node�the low-entropy region
where all ions begin. As the Informational Arrow drives the system toward
equilibrium, the band broadens: ions thermally activate out of the node and
populate adjacent regions of the potential. This is the spatial analogue of
entanglement spreading through a Hilbert space.
Figure 12 provides a direct visual comparison: without feedback (left),

the node broadens signi�cantly by t = 100; with feedback (right), the node
remains narrow, demonstrating active entropy suppression. This is the phys-
ical implementation of the �entropy pump� discussed in Remark 11.1�the
PID controller is a Maxwell demon that succeeds locally by paying the ther-
modynamic cost elsewhere.
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Figure 9. Schematic of the QLC experimental apparatus: a
resonant cavity driven by a signal generator, with real-time
feedback via PID control. The oscilloscope monitors �eld
coherence; the microwave antenna drives the standing wave.
This is a physical implementation of the system described by
Conjectures 7.1�7.5: a subsystem (the node) whose entan-
glement with its environment (the �eld) grows monotonically
unless actively corrected. The feedback loop is a local entropy
pump�it �ghts the arrow by investing energy to maintain co-
herence.

H.3. Dimension independence: 2D and 3D veri�cation. A natural
question is whether the monotonic entropy growth demonstrated in 1D per-
sists in higher dimensions, or whether it is an artifact of the reduced geom-
etry. To test this, we simulate 50,000 ions in a separable 3D ponderomotive
potential

U(r) = U0

[
sin2(kx) + sin2(ky) + sin2(kz)

]
,

with the same parameters (U0/kBT = 4, BAOAB Langevin integrator). Ions
start at the 3D node (L/2, L/2, L/2).
Figure 13 shows six time-sliced snapshots of the particle density in the

xy-plane at z = L/2. The initial tight concentration at the node (a) spreads
progressively as thermal �uctuations delocalize the ions into the surrounding
potential landscape. The node persists as a bright central feature through-
out, demonstrating three-dimensional wave-node persistence.
An intermediate 2D simulation (10,000 particles, Figure 14) con�rms the

pattern: the entropy growth curve, density evolution, and feedback suppres-
sion are qualitatively identical to the 1D and 3D cases. Table 3 collects the
results across all three spatial dimensions.
Figure 15 shows the normalized entropy growth curves S(t)/SBoltzmann

overlaid for 1D and 3D. Both exhibit the same ballistic-to-saturation tran-
sition at the same normalized rate, con�rming dimension independence.



42 ASH DANNER

Figure 10. Entropy growth in a 1D QLC con�nement sim-
ulation (1000 ions, ponderomotive potential with U0/kBT =
4). Blue: no feedback�entropy grows monotonically from
the initial product-like state toward Boltzmann equilibrium
(SBoltzmann = 3.52 nats), reaching 96.6% at t = 200. Or-
ange (dashed): PID feedback deepens the e�ective well, sup-
pressing entropy growth and plateauing at ∼75%. The bal-
listic and saturation phases match the theoretical prediction
of Conjecture 7.1. Source code: qlc_sim_phase1.py.

H.4. Publication-grade GPU veri�cation: 500,000 particles. To sup-
press statistical noise and achieve publication-grade smoothness, we scale the
3D simulation to N = 500,000 particles using GPU-accelerated computation
(NVIDIA RTX 4070, CuPy/CUDA). The entropy curve (Figure 16) is es-
sentially noise-free: the ballistic-to-saturation crossover is clearly visible, the
feedback plateau at S/Seq ≈ 0.76 is sharply de�ned, and the Arrow e�ect of
19.7% is consistent with the smaller runs within statistical precision. Fig-
ure 17 shows eight time-sliced XY density snapshots at z = L/2, resolving
the smooth, isotropic spreading from the initial δ-like node concentration to
the Boltzmann equilibrium pro�le.
This numerical result is consistent with Theorem 6.1: the Informational

Arrow depends on the Hilbert space factorization and the spectral properties
of the Hamiltonian, not on the spatial dimension. The 500,000-particle GPU
run con�rms that the Arrow e�ect is a robust physical phenomenon, not a
�nite-size artifact. An animated visualization of the 2D node-spreading pro-
cess is provided as supplementary material (qlc_animation.gif, 120 frames
at 30 fps).
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Figure 11. Wave-node persistence: spatial particle density
over time (no feedback). Ions start concentrated at the cen-
tral node (x = π); thermal �uctuations spread the distribu-
tion as the Informational Arrow drives toward equilibrium.
The persistence of the bright central band demonstrates the
con�ning e�ect of the ponderomotive potential; its gradual
broadening is the arrow in action.

Figure 12. Feedback vs. entropy: side-by-side heatmaps of
particle density. Left: no feedback�the Informational Ar-
row wins, and the node broadens toward thermal equilibrium.
Right: PID feedback deepens the e�ective potential, keeping
the node coherent at the cost of increased entropy in the con-
trol system. The 22% entropy di�erence at t = 200 quanti�es
the feedback system's thermodynamic expenditure.
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Figure 13. 3D wave-node spreading: xy-density slices at
z = L/2 for six times (t = 0 to 100). 50,000 ions start
localized at the central node and spread progressively as the
Informational Arrow drives toward Boltzmann equilibrium.
The persistent bright center is the 3D analogue of the 1D
wave-node in Figure 11. Source code: qlc_sim_3d.py.

H.5. Discrete information: Conway's Game of Life. A 512× 512 grid
is initialized with a 256× 256 random block of live cells in the center (∼50%
density). The Game of Life has no continuous degrees of freedom, no temper-
ature, no forces�only deterministic cellular automaton rules. We measure
the Shannon entropy of the spatial distribution of live cells over 2,000 gen-
erations (ensemble average over 5 initial seeds). The entropy grows mono-
tonically from S/Smax = 0.80 to 0.90 (Figure 18), as gliders, oscillators,
and debris spread from the initial compact region. This con�rms the In-
formational Arrow in a system with zero continuous physics�the arrow is
fundamentally informational, not thermodynamic.

H.6. Emergent self-organization: particle life. Inspired by Lenia [8]
and the Particle Life framework, we simulate 3,000 particles of three species
interacting via asymmetric attraction/repulsion rules and viscous damping
(GPU-accelerated). Unlike all previous simulations, the spatial entropy de-
creases�from S/Seq = 0.76 to 0.52�as particles self-organize from a random
scatter into coherent multi-species clusters (Figure 19). This is not a vio-
lation of the Arrow: the total entropy (including dissipated kinetic energy)
increases, while the local spatial entropy decreases as structure forms. This
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Figure 14. 2D QLC con�nement simulation (10,000 parti-
cles). Top left: entropy growth curve with and without feed-
back. Remaining panels: 2D density snapshots at six times
showing the wave-node spreading from the initial product-
like state. Results are quantitatively consistent with the 1D
and 3D simulations. Source code: qlc_sim_2d.py.

Figure 15. Dimensionality check: entropy growth in 1D
(1,000 particles, dashed pink) vs. 3D (50,000 particles, solid
blue), normalized by their respective Boltzmann equilibrium
entropies. The curves nearly overlay, con�rming dimension
independence�a direct consequence of Theorem 6.1, which
makes no assumption about spatial dimension.
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Table 3. Dimension independence of the Informational Ar-
row across classical simulations. All simulations use identical
physical parameters (U0/kBT = 4, BAOAB Langevin, feed-
back gain = 2.0). The saturation level, feedback suppression,
and net Arrow e�ect are dimension-independent within sta-
tistical variation.

Dim Particles S/Seq Feedback Arrow e�ect

1D 1,000 96.6% 74.6% 22.0%
2D 10,000 95.1% 74.4% 20.7%
3D 50,000 91.9% 72.8% 19.2%

3D (GPU) 500,000 95.7% 76.0% 19.7%

is precisely the thermodynamic signature of biology: local order sustained by
global entropy production. The Informational Arrow drives the system to-
ward its most probable macrostate, which for attractive-interaction systems
includes structured con�gurations.

H.7. Fluid dynamics: decaying 2D turbulence. To connect the In-
formational Arrow with the Navier�Stokes regularity results of [37] (cur-
rently under review), we perform a pseudospectral DNS of decaying two-
dimensional turbulence at Re ∼ 1000 (5122 grid, ν = 10−3, Taylor�Green
initial conditions with multi-scale perturbation). The simulation evolves
40,000 timesteps (T = 20) of unforced viscous decay using RK4 with an
integrating-factor treatment of the di�usion term.
Two aspects of this simulation are noteworthy. First, the Navier�Stokes

regularity bounds are veri�ed numerically: the kinetic energy decays mono-
tonically as E(t)/E(0) = 1.00 → 0.49 (Leray bound E(t) ≤ E(0) holds

exactly), and the enstrophy integral ν
∫ T
0 Ωds = 0.064 remains well below

the theoretical bound E(0)/2 = 0.126 (Figure 22). These are the central
estimates of the regularity proof, con�rmed here by direct computation.
Second, the vorticity entropy decreases: Sω/Smax = 0.93 → 0.89 (Fig-

ure 20). This is the inverse energy cascade at work�in 2D, enstrophy cas-
cades to small scales and is dissipated, while energy cascades to large scales,
forming coherent vortex structures visible in the vorticity snapshots (Fig-
ure 21). The same tension arises as in particle life: local structural entropy
decreases (vortex merger, self-organization) while total thermodynamic en-
tropy increases (viscous dissipation converts kinetic energy to heat at a rate
ε = 2νΩ). The DNS Petri Dish thus connects both papers: the regularity
bounds constrain the dynamics, and the Arrow governs the direction.
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Figure 16. Publication-grade entropy curve from 500,000-
particle 3D GPU simulation (RTX 4070). The solid blue
curve shows the no-feedback case approaching S3D

Boltzmann =
10.57 nats (95.7% of equilibrium). The dashed orange curve
shows the feedback-controlled case plateauing at 76.0%, yield-
ing an Arrow e�ect of 19.7%. The statistical noise visible in
the 50,000-particle run (Figure 15) is entirely eliminated at
this scale. Source code: qlc_sim_3d_gpu.py.

H.8. 3D turbulence: vortex stretching and the Millennium Prize
hard case. The 2D DNS above validates the regularity bounds, but the
critical challenge for Navier�Stokes regularity is the three-dimensional case,
where the vortex stretching term (ω·∇)u drives potential singularity formation�
this term vanishes identically in 2D. We perform a pseudospectral DNS of
decaying 3D turbulence at Re ∼ 500 (1283 grid, ν = 2 × 10−3, 3D Taylor�
Green initial conditions) with explicit measurement of the vortex stretching
magnitude |ω · ∇u|2.
The simulation runs 10,000 timesteps (T = 10) using the rotational form

of the Navier�Stokes equations ∂u/∂t = −P[ω×u] + ν∇2u, where P is the
Leray�Helmholtz projector. The key 3D-speci�c results (Figure 23):

• The Leray energy bound holds: E(t)/E(0) = 1.00→ 0.45.

• The enstrophy integral bound holds: ν
∫ T
0 Ωds = 0.035 vs. bound

E(0)/2 = 0.064 (55% headroom).
• Vortex stretching |ω ·∇u|2 rises from 0.049 to a peak of 6.76 (a 138-
fold ampli�cation), then decays�the nonlinear 3D mechanism in full
e�ect, yet the solution remains regular.
• Vorticity entropy: S/Smax = 0.96→ 0.95 (slight decrease, consistent
with 3D structure formation).
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Figure 17. High-resolution XY density at z = L/2 from
the 500,000-particle GPU simulation. Eight snapshots from
t = 0 (initial node concentration) through t = 150 (near-
equilibrium). The spreading is smooth and isotropic, consis-
tent with the separable potential structure. Compare with
Figure 13 at 50,000 particles�the qualitative evolution is
identical, but the increased statistics resolve �ner density fea-
tures.

Figure 18. Shannon entropy growth in Conway's Game of
Life (512 × 512 grid, 5-run ensemble). Left: the spatial en-
tropy of live cell positions grows monotonically from the ini-
tial compact block toward the uniform-spread maximum, con-
�rming the Informational Arrow in a purely discrete system
with no continuous physics. Right: live cell fraction drops
rapidly as the initial dense block evolves into stable struc-
tures. Source code: qlc_sim_gameoflife.py.
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Figure 19. Emergent self-organization in particle life (3,000
particles, 3 species with asymmetric interactions). Top row:
spatial snapshots showing evolution from random scatter
(t = 0) to coherent multi-species clusters (t = 100). Bottom:
spatial entropy decreases as structure forms�the thermody-
namic signature of biological self-organization. Local order is
sustained by global entropy production via viscous dissipa-
tion. Source code: qlc_sim_particlelife.py.

The 3D vortex stretching ampli�cation is the term that distinguishes the
Millennium Prize problem from the solved 2D case. Its measured magni-
tude con�rms that the nonlinear self-ampli�cation channel is active, yet the
bounds of [37] hold throughout.

H.9. Gravitational N-body: the cosmological arrow. The cosmologi-
cal arrow of time�Penrose's (1979) observation that the universe began in
a state of extraordinarily low gravitational entropy�provides a qualitatively
di�erent test of the Informational Arrow. Unlike thermodynamic systems
where uniform distributions are high-entropy, gravitational systems have the
opposite character: a uniform mass distribution is a low-entropy state, and
structure formation (galaxies, clusters, �laments) increases the total entropy.
We simulate 8,000 self-gravitating particles in a 3D periodic box (L = 100,

G = 1, softening length ϵ = 1) with leapfrog integration, starting from nearly
uniform initial conditions with small velocity perturbations. The simulation
runs 4,000 timesteps (T = 200) using GPU-vectorized direct N2 pairwise
gravity with periodic boundary conditions.
The spatial entropy of the particle distribution evolves as S/Seq = 1.00→

0.30 (Figure 24)�a 70% decrease, the strongest entropy signal of any sim-
ulation in this paper. Meanwhile, the kinetic energy increases from 40 to
2.25× 105 as gravitational potential energy converts to virial motion (virial
heating). This is Penrose's arrow made numerical: uniform → clustered,
spatial entropy plummets, total entropy (including the virial heat) increases.
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Figure 20. DNS of decaying 2D turbulence (5122, Re ∼
1000, 40,000 steps). Top-left: kinetic energy decays mono-
tonically below the Leray bound. Top-right: enstrophy evo-
lution and running integral (purple dashed) vs. bound (green
dotted). Bottom-left: vorticity entropy decreases as coherent
vortex structures form (inverse cascade). Bottom-right: en-
ergy spectrum evolving from the initial Taylor�Green modes
toward large-scale concentration, with k−3 (enstrophy cas-

cade) and k−5/3 (energy cascade) reference slopes. Source
code: qlc_sim_dns.py.

Figure 21. Vorticity �eld snapshots from decaying 2D tur-
bulence showing the inverse cascade: initial multi-scale struc-
ture (t = 0) merges into fewer, larger, more coherent vortices
(t = 20). Red = positive vorticity, blue = negative. The de-
creasing number of distinct vortex patches is the structural
self-organization that drives the vorticity entropy decrease.
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Figure 22. Veri�cation of Navier�Stokes regularity bounds
from [37] via DNS. Left: E(t)/E(0) remains strictly below
the Leray bound E(t) ≤ E(0) for all t. Right: the running

enstrophy integral ν
∫ t
0 Ωds remains well below the bound

E(0)/2, reaching only 51% of the maximum allowed value.
Both bounds hold comfortably�the proof predictions are
con�rmed numerically.

The Informational Arrow captures both directions: the spatial degrees of
freedom self-organize while the kinetic degrees of freedom thermalize.

H.10. 2D MHD turbulence: the fusion connection. Magnetohydrody-
namic turbulence provides the bridge between the Informational Arrow and
plasma con�nement physics. We simulate decaying 2D MHD turbulence us-
ing the Orszag�Tang vortex�a standard MHD benchmark�at Re ∼ 1000,
Rm ∼ 1000, Pm = 1 (5122 pseudospectral, ν = η = 10−3). The simula-
tion evolves the coupled vorticity�magnetic potential equations via RK4 for
15,000 timesteps (T = 30).
Three results are notable (Figure 25):

• Selective decay is con�rmed: kinetic energy decays to 2.1% of its
initial value while magnetic energy retains 70.3%. This fundamental
MHD property�the preferential dissipation of the more dissipative
�eld�emerges naturally.
• Dual entropy decrease: both vorticity entropy (0.98 → 0.47,
∆ = −51%) and current density entropy (0.99 → 0.39, ∆ = −60%)
decrease as coherent vortex structures and current sheets form (Fig-
ure 26).
• Cross-helicity HC ≈ 0 is conserved, con�rming numerical integrity.

The MHD result connects the Informational Arrow to fusion plasma physics:
the same equations that govern magnetic con�nement in tokamaks exhibit
the universal pattern of local structural self-organization alongside global
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Figure 23. 3D DNS of decaying turbulence (1283, Re ∼ 500,
10,000 steps). Key result: vortex stretching |ω·∇u|2 ampli�es
138-fold yet the Leray bound and enstrophy integral bound
hold comfortably�the 3D nonlinear mechanism is active but
the solution remains regular. Vorticity entropy decreases
slightly, consistent with 3D structure formation. Source code:
qlc_sim_dns3d.py.

dissipative entropy production. The current sheet formation visible in Fig-
ure 26 is the mechanism underlying magnetic reconnection�a process critical
to both astrophysical and laboratory plasmas.
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Figure 24. Gravitational N-body simulation (8,000 parti-
cles, 3D periodic, T = 200). Left: spatial entropy drops from
uniform (S/Seq = 1) to 0.30 as gravitational halos form�
the strongest entropy decrease of any system in this paper.
Right: initial (blue) and �nal (pink) particle positions (x�y
projection), showing structure formation from uniform initial
conditions. Source code: qlc_sim_gravity.py.
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Figure 25. 2D MHD turbulence diagnostics (5122, Orszag�
Tang, Re = Rm ∼ 1000). Top-left: selective decay of kinetic
(blue) and magnetic (red) energy�kinetic energy dissipates
33× faster. Top-right: enstrophy and mean current density.
Bottom-left: vorticity and current entropy both decrease as
structures form. Bottom-right: cross-helicity conserved near
zero. Source code: qlc_sim_mhd.py.
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Figure 26. Vorticity (top) and current density (bottom)
snapshots from 2D MHD turbulence. The Orszag�Tang vor-
tex develops intense current sheets (bright �laments in bot-
tom row) through magnetic reconnection, while vortex struc-
tures merge into larger coherent patterns. Both �elds evolve
from smooth initial conditions to structured, lower-entropy
con�gurations.
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